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We investigate interfacial and capillary phenomena in a simple model for a fluid of hard rods, viz.
the Zwanzig model, in which the orientations of rectangular blocks are restricted to three orthogonal
directions. The theory, which is based on an Onsager-like free energy functional, predicts local
biaxial ordering at the ‘‘free’’ interface between the coexisting isotropic and nematic phases. For an
isotropic bulk fluid in contact with a single planar hard wall, we find a continuous surface phase
transition from uniaxial to biaxial local symmetry, followed by complete wetting of the wall–
isotropic fluid interface by a nematic film with director parallel to the wall, as the reservoir density
approaches its value at bulk coexistence. For a fluid confined by two parallel hard walls we
determine a first-order capillary nematization transition at large wall separation, which terminates in
a capillary critical point when the wall separation is about twice the length of the rods. This
transition is the analog of the capillary condensation observed for simple fluids confined by
attractive walls but is purely entropy driven here. © 2000 American Institute of Physics.
关S0021-9606共00兲51535-9兴

I. INTRODUCTION

theory is well established, with relative numerical uncertainties of about 1:104 for the coexisting densities and order
parameters.4 Computer simulations in the 1980s showed that
hard-rod systems can also form the liquid crystalline
smectic-A phase.5 The bulk phase diagram of hard spherocylinders has been determined as a function of density and
length-to-diameter ratio by density functional theory6–8 and
by simulation.9,10 Apart from some details, the general agreement between theory and simulation is good. Noting the experimental observation of the smectic-A phase in a highdensity TMV suspension,11 one can conclude that many
aspects of the bulk behavior of pure hard-rod fluids are rather
well understood by now.
More complex and much richer phenomena occur in inhomogeneous hard-rod fluids. These include IN interfaces,
surface effects arising from adsorption at an external wall, or
capillary effects arising from spatial confinement. The main
complication is caused by the simultaneous presence of anisotropy and inhomogeneity in the one-particle distribution.
In the case of interest here, with a spatial inhomogeneity in
the z direction only, generally the one-particle distribution
has a nontrivial dependence on the center-of-mass coordinate
z, the polar angle , and the azimuthal angle  of the rod
orientation. In other words, the loss of translational invariance in the z direction may also break the uniaxial symmetry
about the nematic director, and the resulting symmetry of the
equilibrium distribution may be biaxial. Taking into account
the simultaneous presence of inhomogeneity and biaxiality is
computationally demanding, and workers often resort to ap-

Fluids of rodlike particles have attracted much attention
over the years. Experimental observations date back to the
1920s and 1930s, when Zocher1 and Bawden et al.2 investigated colloidal systems of vanadiumpentoxide (V2O5) and
tobacco mosaic virus 共TMV兲 particles, respectively, and
found a phase transition from an isotropic fluid phase (I) at
low concentrations to an orientationally ordered nematic
phase (N) at higher concentrations. This density-driven isotropic nematic 共IN兲 phase transition in a homogeneous bulk
fluid of rodlike particles was first tackled theoretically in the
1940s, when Onsager argued that these colloidal rods can be
modeled, under certains conditions, as mutually impenetrable hard rods. He accounted for the IN transition in terms
of a competition between the maximization of orientational
entropy and minimization of excluded volume.3 A key ingredient of Onsager’s theory is the one-particle distribution as a
function of the rod orientation, for which he derived a nonlinear integral equation. This equation is exact when the
length-to-diameter ratio of the rods tends to infinity. At low
bulk densities the only solution to this equation is a uniform
constant, which describes the isotropic phase, while at sufficiently high densities nonuniform solutions of uniaxial symmetry exist, which describe the nematic phase. Although explicit calculation of these peaked nematic distributions is
analytically intractable, this is numerically straightforward
because the uniaxial symmetry reduces the problem to a onedimensional one in the polar angle of the rod orientation. The
IN bulk coexistence that follows from Onsager’s hard-rod
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proximations that simplify or discard either one or both of
these features. For instance, Holyst and Poniewierski assume
the ‘‘free’’ IN interface of hard spherocylinders, of length L
and diameter D, to be sharp, i.e., a step function at z⫽0,
such that the one-particle distribution is that of the coexisting
bulk isotropic phase for z⬍0 and that of the bulk nematic
phase for z⬎0. Employing this approximation within an inhomogeneous generalization of Onsager’s theory for bulk
hard-rod fluids, they show that the IN interfacial tension is a
minimum for a tilt angle of about 60°, independent of
L/D. 12 The tilt angle is the angle between the surface normal
and the bulk nematic director. This result is, however, in
disagreement with more recent and extensive calculations by
Moore and McMullen,13 Chen and Noorlandi,14 and Chen,15
who employ the same generalized Onsager functional but
consider a wider class of variational profiles 共smooth, finite
width兲 for the IN interface. The resulting surface tensions are
up to 50% lower than those of Ref. 12, and the most favorable tilt angle for long rods is found to be 90°, i.e., parallel
to the surface.13–15 In another study, Poniewierski and Holyst
use the generalized Onsager functional to describe a fluid of
hard rods in contact with a planar hard wall located at z
⫽0.16 Here an approximation is made that gives rise to bulk
distributions for z⬎(L⫹D)/2. The surface tensions that follow from these approximate profiles, combined with those of
the IN interface obtained in Ref. 12, imply that a nematic
film with a director parallel to the surface wets completely
the hard wall–isotropic fluid interface as the bulk density
approaches that of the IN transition.16 Interestingly, this conclusion points to an internal inconsistency since the approximation for the one-particle distribution does not allow for the
diverging thickness of a wetting film. Moreover, the approximation does not allow for the possibility of a biaxial profile,
which is a prerequisite for the description of a nematic film
with a director parallel to the wall. The issue of biaxiality is
addressed in a more recent paper by Poniewierski, where the
stability of uniaxial profiles close to the wall is studied by
means of a bifurcation analysis.17 The onset of biaxial symmetry occurs for profiles corresponding to a bulk density
15% below that of the coexisting isotropic bulk fluid, demonstrating the relevance of surface biaxiality even for states
that are deep in the isotropic bulk phase. The nature of the
uniaxial–biaxial transition 共first order or continuous兲, or that
of the wetting films, was not addressed in Ref. 17—this requires a 共computationally costly兲 higher-order bifurcation
analysis and full numerical calculations of the biaxial profiles. We are aware of only one study, by Chen and Cui, that
does describe full calculations of density inhomogeneities
coupled to biaxiality.18 These authors study a fluid of hardcore semiflexible polymers near a hard wall, using a density
functional that resembles the inhomogeneous Onsager functional. They find a very weakly first-order uniaxial–biaxial
transition at a chemical potential substantially below the IN
bulk transition. They also find a 共biaxially symmetric兲 nematic film whose thickness diverges as bulk IN coexistence is
approached.18 This finding lends very strong support to the
conjecture that the hard wall–isotropic fluid interface is wet
completely by a nematic phase with a director parallel to the
wall. However, no attempt was made to confirm the conjec-
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ture via surface tension calculations. Complete wetting requires the wall–isotropic fluid tension to be the sum of the
wall–nematic fluid tension and the IN tension. Testing this
equality requires accurate calculation of all the three surface
tensions, which can be obtained but only by even larger computational efforts.
Even less work has been devoted to systems of confined
hard-rod fluids. Here we mention very recent work by Allen
on hard ellipsoids in external anchoring fields,19,20 which describes theoretically determined biaxial profiles and simulation results as well. The focus of Ref. 19 is on elasticity and
anchoring of liquid crystals, and that of Ref. 20 on the structure of the IN interface. The work of Refs. 19 and 20 is not,
as is the present paper, concerned with phase transitions of
the confined fluid. Another recent study by Mao et al. is
concerned with hard spherocylinders confined by two parallel hard plates at separation H. 21 The focus of Ref. 21 is on
the H dependence of the excess free energy, and on the solvation force exerted by the rod fluid on the plates. Their aim
is to understand depletion interactions in colloidal systems.
Attention is restricted to the uniaxially symmetric lowdensity regime. By analogy with the single-wall results discussed above, one expects, as the authors of Ref. 21 also
point out, a uniaxial–biaxial surface transition to occur at
both walls for high reservoir densities. Moreover, by analogy
with the behavior of confined simple fluids22,23 and thermotropic liquid crystals,24,25 it is tempting to speculate that the
analog of capillary condensation, i.e., capillary nematization,
should occur in the confined hard-rod system. Such a transition corresponds to a shift of the bulk IN transition to a lower
chemical potential or reservoir density, and should occur
provided the walls prefer the nematic phase. The spherical
symmetry of the pair interactions in simple liquids, and the
assumed incompressibility of thermotropic liquid crystals
共resulting in homogeneous density profiles兲, permit detailed
studies of interfaces between coexisting phases, wetting
against substrates, capillary phenomena, and the interplay
between them. Most of these investigations are within the
framework of either density functional theory or Landau–de
Gennes theory. It is our impression that quantitative studies
of the corresponding phenomena in density-driven hard-core
liquid crystals 共or lyotropic liquid crystals兲 have been hindered by the numerical difficulties in determining inhomogeneous biaxially symmetric equilibrium profiles. It is against
this background that we undertake the present study.
In this paper we consider a fluid of hard rods of rectangular shape with orientations restricted to three 共mutually
perpendicular兲 directions. The bulk IN transition of this
model was considered by Zwanzig in 1963,26 while the
nematic–smectic bulk transition was studied only recently.27
Although a comparison of the results of the so-called Zwanzig model with those of models with continuous orientations
is not entirely straightforward,28 these studies do show that
the Zwanzig model captures the essential symmetries and
mechanisms that underly the bulk phase transitions of more
sophisticated models of bulk hard-rod fluids. Moreover, its
simplicity facilitates the 共numerical兲 analysis considerably.
Here we show that the determination of inhomogeneous biaxial profiles is numerically straightforward, at least within

Downloaded 26 Aug 2002 to 131.211.35.187. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp

J. Chem. Phys., Vol. 113, No. 17, 1 November 2000

Interfaces, wetting, and capillary nematization

Onsager’s second virial free energy functional for the Zwanzig model. This allows us to make a quantitative and consistent study of several aspects of inhomogeneous hard-rod fluids. We focus, within a single theory, on the IN interface, the
uniaxial–biaxial surface transition and wetting against a
single hard wall, and capillary nematization for the fluid between two parallel hard walls. A brief report describing some
of these results has been published elsewhere.29
II. DENSITY FUNCTIONAL FOR THE ZWANZIG MODEL

We consider a system of rectangular hard rods of size
L⫻D⫻D 共with LⰇD兲 in a three dimensional space spanned
by the orthonormal unit vectors x̂ ␣ with ␣ ⫽1,2,3 representing x̂, ŷ, and ẑ, respectively. The position of the center of
mass r of a rod is continuous, while the allowed orientations
of the three principal axes of each rod is restricted to directions x̂ ␣ . Due to up–down symmetry and the degeneracy of
the two short axes of a rod, its orientation can be represented
by the discrete variable ␣ ⫽1,2,3, corresponding to the orientation of the long axis of the rod along x̂ ␣ . We are concerned with the equilibrium one-particle distribution  (r, ␣ )
⬅  ␣ (r) and the phase behavior of this system of rods in a
given external potential V(r, ␣ )⬅V ␣ (r) at a fixed chemical
potential , the total volume of the system being V. To this
end, we consider the grand-potential functional
3

⍀ 关  兴 ⫽F关  兴 ⫹

兺

␣ ⫽1

冕

dr  ␣ 共 r兲共 V ␣ 共 r兲 ⫺  兲 ,

共1兲

which is minimized by the equilibrium one-particle distribution, the minimal value being the equilibrium grand potential
of the system.30 Here F关  兴 is the intrinsic free energy
functional,30 which we assume to be given by
3

␤ F关  兴 ⫽ 兺

␣ ⫽1

⫺

冕

dr  ␣ 共 r兲共 ln共  ␣ 共 r兲 ⌳ 3 兲 ⫺1 兲

1
2 ␣,␣⬘

兺

冕

dr dr⬘ f ␣␣ ⬘ 共 r,r⬘ 兲  ␣ 共 r兲  ␣ ⬘ 共 r⬘ 兲 ,

Defining S i ␣ ⫽D⫹(L⫺D) ␦ i ␣ , which represents the
spatial extent in direction i⫽1,2,3 of a rod with orientation
␣, we can can write the Mayer function of the rods explicitly
as
3

f ␣␣ ⬘ 共 r,r⬘ 兲 ⫽⫺

where ␤ ⫽1/k B T, with T the temperature and ⌳ the thermal
wavelength. f ␣␣ ⬘ (r,r⬘ ) is the Mayer function, which for
hard-core interactions equals ⫺1 if the particles overlap and
is 0 otherwise. The functional Eq. 共2兲 is the discrete and
inhomogeneous version of Onsager’s famous second virial
functional used, e.g., in Refs. 12, 16, 17, 21, and 31 to describe bulk, surface and confining phenomena for fluids of
freely rotating hard rods. By considering  ␣ (r)⫽  (z) ␦ ␣ 3 ,
with ␦ i j the Kronecker delta, Eq. 共2兲 also reduces to the
second virial functional employed by Mulder in his studies
of the bulk nematic–smectic transition of perfectly aligned
hard rods.32 Moreover, this functional is identical to one used
by Ratón et al. to study the influence of the coupling of
orientational and positional ordering on the nematic–smectic
transition.27 In this paper we do not consider crystalline,
smectic, columnar, or other spatially ordered bulk phases of
hard-rod systems.33 We restrict our attention to external potentials of the type V ␣ (r)⫽V ␣ (z). Thus, we only consider
profiles  ␣ (r)⫽  ␣ (z). The macroscopic interfacial area in
the xy plane is denoted by A.

兿

i⫽1

⌰ 共 12 共 S i ␣ ⫹S i ␣ ⬘ 兲 ⫺ 兩 r i ⫺r ⬘i 兩 兲 ,

共3兲

where r i ⫽r•x̂ i and ⌰(t) is the Heaviside step function. This
particular factorization of the Mayer function, which results
from the combination of particle shape and restricted orientations, is the key to the relative simplicity of the calculations
that follow, compared to those of say spherocylinders with
continuous orientations. Introducing the dimensionless densities c ␣ (z)⫽L 2 D  ␣ (z), we can rewrite Eqs. 共2兲 with 共3兲 as

␤ F关 c 兴 L 2 D
⫽兺
A
␣
⫹

冕

dz c ␣ 共 z 兲共 ln c ␣ 共 z 兲 ⫺1 兲

1
2 ␣,␣⬘

兺

冕

dz dz ⬘ K ␣␣ ⬘ 共 z,z ⬘ 兲 c ␣ 共 z 兲 c ␣ ⬘ 共 z ⬘ 兲 ,
共4兲

where we set ⌳ ⫽L D without loss of generality. The kernel K is symmetric, K i j ⫽K ji , and satisfies K 22⫽K 11 and
K 23⫽K 13 by symmetry, with
3

2

K 11共 z,z ⬘ 兲 ⫽

E 储 ⌰ 共 D⫺ 兩 z⫺z ⬘ 兩 兲
,
L 2D
2D

K 33共 z,z ⬘ 兲 ⫽

E 储 ⌰ 共 L⫺ 兩 z⫺z ⬘ 兩 兲
,
L 2D
2L

E⬜ ⌰ 共 D⫺ 兩 z⫺z ⬘ 兩 兲
K 12共 z,z ⬘ 兲 ⫽ 2
,
L D
2D
K 13共 z,z ⬘ 兲 ⫽

共2兲
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共5兲

1
E⬜ ⌰ 共 2 共 L⫹D 兲 ⫺ 兩 z⫺z ⬘ 兩 兲
,
L 2D
L⫹D

with E 储 ⫽8LD 2 and E⬜ ⫽2D(L⫹D) 2 the excluded volume
of a pair of parallel and perpendicular rods, respectively. In
the limit D/L→0, which we adopt from now on, the diagonal elements K ␣␣ (z,z ⬘ ) contribute terms that are smaller
than the off-diagonal elements by a factor of order D/L.
Thus, the K ␣␣ contributions in Eq. 共4兲 will be neglected.
Strictly speaking this approximation is only justified if c ␣ (z)
is of the same order for each ␣, i.e., in the isotropic phase
and in the nematic phase not too far above the isotropic–
nematic transition density; it is no longer justified in the
perfectly aligned nematic phase. Recognizing that
limD→0 ⌰(D⫺ 兩 z⫺z ⬘ 兩 )/(2D)⫽ ␦ ( 兩 z⫺z ⬘ 兩 ), the Dirac delta,
and that limD/L→0 E⬜ /L 2 D⫽2, the grand potential functional
is from Eqs. 共1兲, 共4兲, and 共5兲, given by
3

␤ ⍀ 关 c 兴 L 2D
⫽兺
A
␣ ⫽1

冕

dz c ␣ 共 z 兲共 ln c ␣ 共 z 兲 ⫺1⫺ ␤

⫹ ␤ V ␣ 共 z 兲兲 ⫹2

冕

dz 共 c 1 共 z 兲 c 2 共 z 兲

⫹ 共 c 1 共 z 兲 ⫹c 2 共 z 兲兲 c̄ 3 共 z 兲兲 ,

共6兲

where we introduced
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c̄ ␣ 共 z 兲 ⫽

1
L

⫽

1
L

冕
冕

dz ⬘ ⌰
z⫹L/2

z⫺L/2

冉
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冊

nitions 关Eqs. 共9兲 and 共10兲兴 are such that the three independent
linear combinations of the Euler–Lagrange equations 共8兲
read

1
L⫺ 兩 z⫺z ⬘ 兩 c ␣ 共 z ⬘ 兲
2

dz ⬘ c ␣ 共 z ⬘ 兲 .

共7兲

The scaling of the dimensionless density c is such that the
right-hand side of Eq. 共6兲 is independent of D in the limit
D/L→0, so that the only relevant length is L. The Euler–
Lagrange equations resulting from the stationarity conditions
␦ ⍀ 关 c 兴 / ␦ c ␣ (z)⫽0 can be cast in the form

ln

ln

c 1共 z 兲
⫽⫺ ␤ 共 V 1 共 z 兲 ⫺V 2 共 z 兲兲 ⫹2c 共 z 兲 ⌬ 共 z 兲 ,
c 2共 z 兲
c 1共 z 兲 c 2共 z 兲
c 23 共 z 兲

⫽⫺ ␤ 共 V 1 共 z 兲 ⫹V 2 共 z 兲 ⫺2V 3 共 z 兲兲
4
4
⫺ c 共 z 兲共 1⫺s 共 z 兲兲 ⫺
3
3L

ln c 1 共 z 兲 ⫽ ␤ ⫺ ␤ V 1 共 z 兲 ⫺2c 2 共 z 兲 ⫺2c̄ 3 共 z 兲 ,
ln c 2 共 z 兲 ⫽ ␤ ⫺ ␤ V 2 共 z 兲 ⫺2c 1 共 z 兲 ⫺2c̄ 3 共 z 兲 ,

共8兲

ln c 3 共 z 兲 ⫽ ␤ ⫺ ␤ V 3 共 z 兲 ⫺2c̄ 1 共 z 兲 ⫺2c̄ 2 共 z 兲 .
Below we solve this set of three coupled nonlinear equations
iteratively for fixed external potentials V ␣ (z) and chemical
potentials . In all numerical calculations we use an equidistant z grid of at least 100 points per L, with some checks
using 200 or 500 points per L which give virtually identical
results. Convergence is assumed when the relative difference
between the results of iteration j and j⫹1 is smaller than
10⫺7 for all values of z in the grid; this proves sufficient for
the required accuracy.
The interpretation of the numerical results and the derivation of some analytic results is facilitated by considering
three independent combinations of c ␣ (z), viz.
c 共 z 兲 ⫽c 1 共 z 兲 ⫹c 2 共 z 兲 ⫹c 3 共 z 兲 ,
s共 z 兲⫽

c 3 共 z 兲 ⫺ 21 共 c 1 共 z 兲 ⫹c 2 共 z 兲兲

⌬共 z 兲⫽

c共 z 兲

,

共9兲

c 1 共 z 兲 ⫺c 2 共 z 兲
,
c共 z 兲

c 1 共 z 兲 ⫽ 31 c 共 z 兲共 1⫺s 共 z 兲 ⫹ 23 ⌬ 共 z 兲兲 ,
c 2 共 z 兲 ⫽ 31 c 共 z 兲共 1⫺s 共 z 兲 ⫺ 23 ⌬ 共 z 兲兲 ,

共10兲

c 3 共 z 兲 ⫽ 31 c 共 z 兲共 1⫹2s 共 z 兲兲 .
Clearly, c(z) represents the total density profile, while s(z)
and ⌬(z) are orientational order parameter profiles. This
choice is such that: 共i兲 s(z)⫽⌬(z)⫽0 corresponds to a 共locally兲 isotropic distribution; 共ii兲 ⫺ 21 ⭐s(z)⭐1 with ⌬(z)
⫽0 is a uniaxial distribution with symmetry axis ẑ, where a
positive/negative sign of s(z) signals preference/depletion of
particles oriented parallel to the symmetry axis; 共iii兲 0
⫽ 兩 ⌬(z) 兩 ⫽ 兩 2s(z) 兩 describes a distribution of biaxial symmetry, where a positive or negative sign of ⌬(z) signals preference for orientations parallel to x̂ or ŷ, respectively. If,
however, ⌬(z)⫽⫿2s(z)⫽0, then the system is still 共locally兲
uniaxial, but with a symmetry axis x̂ 共minus: c 2 (z)⫽c 3 (z)兲
or ŷ 共plus: c 1 (z)⫽c 3 (z)兲 instead of ẑ. In this case, it is
convenient to introduce the profiles s ⬘ (z)⫽⫺ 21 s(z)⫾ 43 ⌬(z)
and ⌬ ⬘ (z)⫽s(z)⫾ 21 ⌬(z), which then play the role of
uniaxial and biaxial order parameters, respectively. The defi-

z⫹L/2

z⫺L/2

dz ⬘ c 共 z ⬘ 兲

⫻ 共 ⫺1⫹4s 共 z ⬘ 兲兲 ,

共11兲

ln c 3 共 z 兲 ⫽ ␤ ⫺ ␤ V 3 共 z 兲
⫺

4
3L

冕

z⫹L/2

z⫺L/2

dz ⬘ c 共 z ⬘ 兲共 1⫺s 共 z ⬘ 兲兲 ,

which, for fixed ␤ V ␣ (z) and ␤, form a closed set of equations for c(z), s(z), and ⌬(z) if one substitutes Eq. 共10兲 into
the left hand-sides of Eq. 共11兲.

III. ISOTROPIC AND NEMATIC BULK PHASES

We consider first the homogeneous bulk fluid with
V ␣ (r)⫽0 in the macroscopic volume of interest. The equilibrium profiles are then constant: c(z)⫽c b , s(z)⫽s b , and
⌬(z)⫽0, where c b and s b are the bulk values of the total
density and the nematic order parameter, respectively, determined by ␤, and where the biaxiality vanishes because of
symmetry. Inserting these constant profiles into the Euler–
Lagrange equations 共11兲 reveals that the first equation is satisfied identically, while the second one can be rewritten as
ln

or reversibly

冕

冉

冊

1⫹2s b
⫽2c b s b .
1⫺s b

共12兲

It is easily determined that the isotropic distribution, with
s b ⫽0, is a solution of Eq. 共12兲 at any c b , and that additional
nematic distributions, with 0⬍s b ⬍1, are possible at sufficiently high c b . The relation between nonzero s b and c b can
be determined numerically from Eq. 共12兲. A simple estimate
of the minimum density required to obtain possible nonzero
values of s b involves the low-s b expansion: ln关(1⫹2sb)/(1
⫺sb)兴⯝3sb , which equals the right-hand side of Eq. 共12兲 at
* ⫽3/2. We stress,
the so-called bifurcation density c b ⫽c IN
however, that nonzero values for s b are also possible for c b
*.
not too far below c IN
In order to calculate the bulk phase coexistence of the I
and N phase, we consider the chemical potential  and the
pressure p⫽⫺⍀ 0 /V, where ⍀ 0 is the minimal value of the
functional Eq. 共6兲. Inserting the constant profiles under consideration into Eq. 共6兲 and the third one of Eq. 共11兲 yields,
after some algebra involving Eqs. 共10兲,

␤ pL 2 D⫽c b ⫹ 32 c 2b 共 1⫺s 2b 兲 ,
␤ ⫽ln c b ⫹ln

1⫹2s b 4
⫹ c b 共 1⫺s b 兲 .
3
3

共13兲
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Phase coexistence occurs between the isotropic state at c b
⫽c I 共with s b ⫽0兲 and the nematic state at c b ⫽c N 关with s b
⫽s N ⬎0 determined numerically from Eq. 共12兲兴 for which
 (c I )⫽  (c N ) and p(c I )⫽p(c N ). A straightforward numerical calculation yields
c I ⫽1.258 224 86,
c N ⫽1.915 443 77,

共14兲

s N ⫽0.914 986 27,
from which the values of the chemical potential  IN and
pressure p IN at coexistence follow: ␤ IN⫽0.808 722 7 and
␤ p INL 2 D⫽2.313 645. These coexistence data are identical
to those reported by Zwanzig within the second virial
approximation,26 apart from an 共irrelevant兲 shift of ln 3 in the
definition of ␤ and ␤ IN in Ref. 26. For the latter reference
we note that the numerical value of p IN is substantially
smaller than the corresponding bulk coexistence pressure
free
of infinitely elongated, freely rotating hard spherocylinp IN
ders 共with continuous orientation degrees of freedom兲, i.e.,
free 2
free
␤ p IN
L D⫽14.11. 4 Thus we have p IN /p IN
⯝0.16. The reason for this substantial difference is that the orientational
entropy of the Zwanzig model is much reduced due to the
restricted number of allowed orientations, which causes 共i兲
the IN transition to occur at a relatively low density, and 共ii兲
the orientational order of the coexisting nematic phase to be
relatively high. This was also pointed out by Straley.28 Note
that the accuracy of the bulk coexistence data is higher than
that obtained for rods with continuous orientation degrees of
freedom. The difference arises from the fact that the stationarity condition Eq. 共12兲 is an algebraic equation, whereas its
continuous counterpart is a nonlinear integral equation.3 That
we can obtain very accurate values for bulk coexistence data
turns out to be relevant for the study of the interfacial properties and phase behavior to be discussed in subsequent sections.

IV. THE ISOTROPIC-NEMATIC INTERFACE

We can create a planar interface between the coexisting
isotropic and nematic bulk phase by imposing arbitrarily
weak external potentials V ␣ (z), and in this mean-field treatment we can determine the structure of the ‘‘free’’ interface
by calculating c ␣ (z) from Eqs. 共8兲 with  ⫽  IN and V ␣ (z)
⫽0, subject to appropriate boundary conditions. For a sufficiently large z m ⬎0, we impose the coexisting isotropic bulk
phase at positions z⬍⫺z m by setting
c ␣ 共 z 兲 ⫽ 31 c I

共 z⬍⫺z m , ␣ ⫽1,2,3 兲 ,

共15兲

with c I given in Eq. 共14兲. At z⬎z m we impose a nematic
bulk phase at total density c N . There are, however, two essentially different possibilities for the relative orientation of
the director n̂ of this nematic phase: perpendicular (⬜) or
parallel ( 储 ) to the interface, where we adopt the convention
that n̂⫽x̂ 共or equivalently n̂⫽ŷ兲 is ‘‘parallel’’ to the interface, while n̂⫽ẑ is ‘‘perpendicular’’ to the interface. These
two alternatives are represented by the boundary conditions

FIG. 1. Profiles characterizing the isotropic–nematic interface of the Zwanzig hard-rod fluid, as follows from solving the Euler–Lagrange equations
共8兲 with  ⫽  IN . The full and dashed curves denote perpendicular and
parallel orientation, respectively, of the nematic director in bulk (z→⫹⬁)
to the interfacial normal. c represents the total density, s is the uniaxial
order parameter, and ⌬⬅0 the biaxial order parameter, for the perpendicular
case. s ⬘ and ⌬ ⬘ are the corresponding quantities for the parallel case.

储:

c 2,3共 z 兲 ⫽ 31 c N 共 1⫺s N 兲 ,

c 1 共 z 兲 ⫽ 31 c N 共 1⫹2s N 兲 ,

共 z⬎z m 兲 ;

⬜: c 1,2共 z 兲 ⫽ 31 c N 共 1⫺s N 兲 ,

c 3 共 z 兲 ⫽ 31 c N 共 1⫹2s N 兲 ,

共16兲

共 z⬎z m 兲 .

It is easily determined that the perpendicular geometry is of
uniaxial symmetry, i.e., s(z)⫽s N and ⌬(z)⫽0 for z⬎z m ,
while the parallel geometry is biaxial, i.e., s(z)⫽⫺s N /2 and
⌬(z)⫽⫺2s(z)⫽s N for z⬎z m . However, the nematic bulk
phases far from the interface are related by a trivial rotation,
and therefore it is convenient to compare the combinations
c(z), s(z), and ⌬(z) of the uniaxial interface (⬜) with c(z),
s ⬘ (z), and ⌬ ⬘ (z) of the biaxial interface ( 储 ). These combinations, see below Eq. 共10兲, are such that s ⬘ (z)⫽s N and
⌬ ⬘ (z)⫽0, for z⬎z m , i.e., the primed and unprimed profiles
are identical far away from the interface. In Fig. 1 we plot
these particular combinations of the profiles c ␣ (z) resulting
from an iterative numerical solution of the Euler–Lagrange
equations 共8兲 satisfying the boundary conditions, Eqs. 共15兲
and 共16兲. The dashed and full curves represent the perpendicular and parallel geometry, respectively. Calculation of
the profiles was performed for z m /L⫽10 on an equidistant z
grid of 100 points per L; calculations made using 200 points
per L or z m /L⫽20 gave indistinguishable results. Good convergence was only obtained by inputting very accurate bulk
values for c I , c N , and s N in the asymptotic regime; poorer
estimates caused the interface to ‘‘wander away’’ from z
⫽0, thereby preventing convergence. It is seen from Fig. 1
that the interfacial width is considerably larger for the perpendicular geometry, the profiles of which are relatively
smooth and exhibit uniaxial character throughout since
⌬(z)⬅0. In contrast, the case of parallel relative orientation
shows sharper features in all three profiles. There is a weak
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oscillation in the density c(z) and a pronounced negative
biaxiality ⌬ ⬘ (z) on the isotropic side of the interface. The
biaxiality becomes slightly positive on the nematic side before decaying quickly to zero. The negative sign of ⌬ ⬘ (z) on
the isotropic side signals a local depletion of rods ‘‘sticking
through’’ the interface such that their end points enter the
nematic side. This effect, and the equivalent sign change of
the biaxiality, were obtained by Chen for hard rods with
continuous orientations,15 although the amplitude of the biaxial order parameter calculated in Ref. 15 is smaller. Note
that the order parameter profile s ⬘ (z) increases much more
rapidly than the density profile c(z) on the nematic side.
This was also found by Chen.15
The calculated equilibrium profiles can be used to determine the interfacial tensions ␥ IN, 储 and ␥ IN,⬜ by inserting
them back into the functional of Eq. 共6兲 to yield the equilibrium value ⍀ 0 of the grand potential of the system. Using the
general definition of the surface tension as the surface excess
grand potential per unit area,

␥⫽

⍀ 0 ⫹pV
,
A

共17兲

we obtain with the bulk pressure p⫽ p IN the numerical values

␤␥ IN, 储 LD⫽ 共 2.7960⫾0.0004兲 ⫻10⫺2 ,
␤␥ IN,⬜ LD⫽ 共 5.0660⫾0.0002兲 ⫻10⫺2 .

共18兲

The smaller value, by almost a factor 2, is for the biaxial
‘‘parallel’’ configuration, which implies that a nematic director parallel to the IN interface is thermodynamically more
favorable than a director perpendicular to the interface. This
is consistent with calculations of the IN surface tension
free
␥ IN
(  t ) of freely rotating hard spherocylinders as a function
of the 共continuous兲 tilt angle  t between the surface normal
and the nematic director as presented in Refs. 12–14. Although these studies reveal a nontrivial, and possibly nonmonotonic dependence on  t , they all find that for the angles
with an analog in the present model 共parallel:  t ⫽90°, perfree
free
(90°)⬍ ␥ IN
(0°). 12–14 It is also inpendicular:  t ⫽0°兲 ␥ IN
teresting to compare the numerical value of the lower tension
free
␥ IN⬅ ␥ IN, 储 given in Eq. 共18兲 with the result ␥ IN
free
⬅ ␥ IN (90°) for infinitely elongated freely rotating spherocylinders. Without making any parametrization of profiles
free
within the Onsager theory, Chen obtained ␤␥ IN
LD⫽0.181
15
⫾0.002. Thus our tension is substantially smaller than
free
␥ IN
. Interestingly, however, the surface excess grand potenfree
⯝0.15 is strikingly similar to the bulk
tial ratio ␥ IN / ␥ IN
free
⯝0.16 determined in Sec. III.
grand potential ratio p IN /p IN
This is another indication that while the Zwanzig model does
indeed capture some of the essential physics of rod fluids, it
renormalizes the numerical values of thermodynamic quantities compared to models with continuous orientations.
Finally we remark that the fractional accuracy of ␥ IN,⬜ is
better than for ␥ IN, 储 —see Eq. 共18兲. This is due to the relatively smooth uniaxial profiles, which are slightly less sensitive to the discrete z grid than the sharper biaxial profiles.
This feature of the numerics is found throughout this work.

V. THE FLUID IN CONTACT WITH A SINGLE HARD
WALL

In this section we consider a bulk fluid of rods 共at chemical potential  or bulk density c b 兲 in contact with a single
wall. Here we restrict attention to a planar hard wall of 共macroscopic兲 area A, surface normal ẑ, positioned at z⫽0. It is
described by the external potential

␤ V ␣(1) 共 z 兲 ⫽

再

⬁

for z⬍0
z⬍L/2

0

共 ␣ ⫽1,2兲
共 ␣ ⫽3 兲 ,

共19兲

otherwise,

where z refers to the midpoint of a rod. The immediate consequence of such a wall is that rods oriented perpendicular to
the wall, i.e., rods characterized by ␣ ⫽3, cannot approach it
closer than a distance L/2, thereby giving rise to orientational order close to the wall for any bulk fluid in contact
with it. At low c b one expects this wall-induced orientational
order to preserve the symmetry between ␣ ⫽1,2, i.e., c 1 (z)
⫽c 2 (z) for z⬍L/2. This symmetry will be refered to as
‘‘uniaxial’’ after its continuous analogue, the symmetry axis
being the surface normal. In the liquid crystal literature this
symmetry is often called ‘‘random planar.’’ At sufficiently
high c b one could expect that the tendency of rods to align
might break this uniaxial surface symmetry, and then c 1 (z)
⫽c 2 (z) for z⬍L/2. The symmetry close to the wall is then
referred to as ‘‘biaxial.’’ The uniaxial–biaxial 共UB兲 transition occurs for a value of c b well below the bulk transition
density c I . We can also enquire about the hard wall–
isotropic fluid interface in the limit c b →c I⫺ , i.e., the wetting
properties of the fluid of Zwanzig rods in contact with the
hard wall. Both topics are investigated in some detail below.
In order to study the possible onset of biaxiality, we
rewrite the first Euler–Lagrange equation 共11兲 with V ␣ (z)
⫽V ␣(1) (z) as
ln

1⫺s 共 z 兲 ⫹ 23 ⌬ 共 z 兲
1⫺s 共 z 兲 ⫺ 23 ⌬ 共 z 兲

⫽2c 共 z 兲 ⌬ 共 z 兲 .

共20兲

Equation 共20兲 has a trivial uniaxial solution ⌬(z)⫽0, independent of s(z) and c(z). Nontrivial biaxial solutions ⌬(z)
⫽0 are possible if c(z)⭓c UB(z), where the UB bifurcation
density c UB(z) follows from a low-⌬ expansion of the logarithm in Eq. 共20兲 and is given by
c UB共 z 兲 ⫽

3
.
2 共 1⫺s 共 z 兲兲

共21兲

Note that ⌬(z)⫽0 is the only solution of Eq. 共20兲 when
c(z)⬍c UB(z), i.e., below the local bifurcation density. This
feature of the UB bifurcation is qualitatively different from
the bulk IN bifurcation discussed earlier, where nematic solutions continue to exist at densities 共not too far兲 below the
bifurcation. The difference is caused by the different nature
of the broken symmetry in the two cases, as discussed in
detail by Mulder.34 It follows from the third of the Euler–
Lagrange equations 共8兲, with V ␣ (z)⫽V ␣(1) (z), that c 3 (z)
⫽0, and hence s(z)⫽⫺ 21 , for 0⬍z⬍L/2. Given that ⫺ 21 is
the minimum value for s(z), and that c UB(z) decreases with
decreasing s(z), we conclude that local biaxiality ⌬(z)⫽0
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starts to develop if c(z)⫽1, or c 1 (z)⫽c 2 (z)⫽ 21 , anywhere
in the interval 0⬍z⬍L/2. Inserting this condition in the first
of Eqs. 共8兲 at z⫽0 we find that the corresponding chemical
potential ␤ UB⫽1⫺ln 2⯝0.31⬍ ␤ IN . Thus, the wall* , which
induced UB bifurcation occurs at bulk density c UB
from Eq. 共13兲 共with s b ⫽0 since the bulk is isotropic兲 is
given by
ln

*
2c UB
3

⫹

*
4c UB
3

* ⫽1.031 116 8 . . . . 共22兲
⫺1⫽0 ⇒ c UB

* /c I ⯝0.819, which is similar to the correIt follows that c UB
sponding ratio 0.847 for freely rotating, infinitely elongated
spherocylinders, extracted from Poniewierski’s analysis.17
Note that the present analysis of the UB bifurcation is identical in spirit to that of Ref. 17, but is technically much less
demanding because of the relative simplicity of the Zwanzig
model.
We now turn attention to numerically determined profiles c(z), s(z), and ⌬(z) for a fluid of bulk density c b
⬍c I in contact with a hard wall. These calculations involve
the iterative solution of Eqs. 共11兲 with a boundary condition
c ␣ (z)⫽c b /3 for z→⬁ and ␣ ⫽1,2,3. The actual calculations
were performed on a grid with at least 100 points per L for
0⭐z/L⭐10 or 20, which proved sufficient in all cases. In
*
Fig. 2共a兲 we show c(z) for several bulk densities c b ⬍c UB
* 共full curves兲; in Fig. 2共b兲 the
共dashed curves兲 and c b ⬎c UB
corresponding order parameter profiles s(z)(⬍0) and ⌬(z)
⫻(⭓0) are shown. The sharp features at z⫽L/2 are caused
by the discontinuity of c 3 (z), which forces s(z)⫽⫺1/2 for
* we find ⌬(z)⫽0 identically, even if
z⬍L/2. For all c b ⬍c UB
the initial profile of the iterative process is chosen to be
* the z interval where ⌬(z) is nonzero
biaxial. For c b ⬎c UB
increases steadily for increasing c b , signifying the film with
in-plane nematic ordering has increasing thickness. The onset of biaxiality is seen to be sharp. Although the biaxial
character develops spontaneously for any initial profile of the
* , it is also possible to enforce
iterative process if c b ⬎c UB
uniaxial symmetry in the iterative process in this density
regime. By comparing the interfacial tensions of these enforced uniaxial profiles with those of the spontaneously
formed biaxial profiles at the same value of c b 共or 兲, we
*⫹
find that the latter are always smaller. In the limit c b →c UB
the difference is vanishingly small, while the gradients of the
tensions as a function of c b are identical 共see also Fig. 6兲.
Thus, within the numerical accuracy it is tempting to conclude that the UB transition is of second order. This conclusion is supported by expanding the logarithm in Eq. 共20兲. For
* )→0 ⫹ that ⌬(z)
0⬍z⭐L/2 we find in the limit (c b ⫺c UB
⯝ 冑3(c(z)⫺c UB(z)), with s(z)⫽⫺1/2 and c UB(z)⫽1. Assuming c(z) remains smooth in the vicinity of the origin this
indicates standard mean-field behavior of the order parameter at the transition. Our result differs from that of Ref. 18,
where the UB transition of a system of semiflexible polymers
near a hard wall is predicted to be very weakly first order.
Whether this signals a fundamental difference between the
two models or whether it reflects a limited numerical resolution is not clear at this stage. Note that beyond mean field we
do expect to find differences between models with restricted
orientations, such as the Zwanzig model, and those without

FIG. 2. Profiles of a hard-rod fluid in contact with a single hard wall located
at z⫽0. The bulk density c b far from the wall takes values c b ⫽0.25, 0.50,
0.75, and 1.00 共dashed curves, uniaxial profiles兲 and 1.05, 1.10, 1.15, 1.20,
and 1.25 共full curves, biaxial profiles兲. The profiles in 共a兲 represent the total
density c(z), and in 共b兲 the orientational order parameters s(z) and ⌬(z).
* ⫽1.031 116 8 and
Note that ⌬(z)⬅0 for uniaxial profiles, i.e., for c b ⬍c UB
that s(z)⫽⫺0.5, 0⭐z⭐L/2, for all values of c b .

restrictions. Due to the absence of a soft mode, the in-plane
correlations in the B phase should be long ranged in the case
of the Zwanzig model, whereas the soft mode that exists in
systems with continuous orientations will, probably, destroy
the long-range in-plane order. The UB transition has been
discussed for thermotropic liquid crystals within the context
of Landau–de Gennes theory; it can be first order or
continuous.35,36 Ascertaining the precise nature of this transition in hard-rod models requires further investigation. It is
also interesting to consider the similarities and differences
between the present UB transition and the prewetting transition observed for simple fluids in contact with a sufficiently
attractive wall.37 The two transitions are similar in the sense
that the surface ‘‘triggers’’ a phase transition 共here the onset
of orientational ordering close to the wall; in a simple fluid a
thin–thick transition of the liquid-like film close to the wall兲
at a lower chemical potential than that required for the corresponding bulk transition 共here the IN transition; in a simple
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FIG. 3. Adsorption ⌫ of a fluid of hard rods in contact with a single hard
wall, as a function of the bulk density c b approaching 共from below兲 the bulk
isotropic–nematic coexistence density c I . The straight line indicates a logarithmic divergence as c b →c I⫺ . This is a signature of complete wetting of
the wall–isotropic fluid interface by a nematic film. The inset shows the
results on a linear c b scale, and displays a change of sign of ⌫ for c b
⬇1.10. Solid lines denote uniaxial profiles and the symbols denote biaxial
profiles. The dotted line is a fit to the data near c I —see text.

fluid the gas–liquid transition兲. An important difference between the two transitions is that prewetting is first order 共accompanied by a discontinuous jump of the film thickness
from a small nonzero value to a larger finite value兲, while the
UB transition is continuous; the biaxial film thickness develops from identically zero to nonzero values. This last point is
crucial for understanding the insensitivity of the UB transition to confinement, as discussed later. Note also that prewetting is a precursor of the wetting transition that occurs at
bulk coexistence,37 whereas the UB transition is not intimately related to any wetting transition.
It can be seen in Fig. 2共a兲 that the contact density c(z
⫽0) is smaller than the bulk value c(z→⬁)⫽c b at low c b ,
but larger for c b ⭓1.1. This signals a change in sign of the
共dimensionless兲 adsorption ⌫ as a function of c b , where ⌫ is
defined as
⌫⫽

1
L

冕

⬁

0

dz 共 c 共 z 兲 ⫺c b 兲 .

共23兲

In Fig. 3 we plot ⌫ as a function of c b ⬍c I , i.e., in the
regime where the bulk fluid in contact with the wall is isotropic. The full curve represents the uniaxial regime c b
* , and the symbols the biaxial regime. The inset of Fig.
⭐c UB
3, with the linear c b representation, displays the sign change
at c b ⯝1.1. The main figure indicates that ⌫ diverges logarithmically as c b →c I⫺ . The straight line can be observed
over several decades because of the accurate determination
of c I . It can be fitted by ⌫⫽A 1 ⫺A 2 ln(cI⫺cb), with fit parameters A 1 ⯝⫺0.404 and A 2 ⯝0.235. The result of this fit is
represented by the dotted line in Fig. 3. Combining the results of Figs. 2 and 3 suggests that a nematic film of increasing thickness 共corresponding to an increasing adsorption ⌫兲
develops as c b →c I⫺ . The logarithmic increase of ⌫ implies38

FIG. 4. The surface tension ␥ WI of the hard wall–isotropic fluid interface as
a function of the bulk density c b far from the wall, with c b in the regime
slightly below the bulk isotropic–nematic transition density c I . The limiting
* LD⫽(4.980⫾0.001)⫻10⫺2 , which is the estivalue 共dashed line兲 is ␤␥ WI
mate of the tension at bulk coexistence.

that complete wetting of the wall–isotropic 共WI兲 fluid interface by a nematic film should occur at c b ⫽c I , where the
nematic director of the film is oriented parallel to the wall.
This complete wetting scenario is confirmed by a calculation
of the contact angle , defined by
cos  ⫽

* ⫺ ␥ WN,
* 储
␥ WI
,
␥ IN, 储

共24兲

* ⫽ ␥ WI(c b ⫽c I ) and ␥ WN,
* 储 ⫽ ␥ WN, 储 (c b ⫽c N ;s b
where ␥ WI
⫽s N ) denote the interfacial tension, defined in Eq. 共17兲, between the wall–isotropic fluid phase 共with c b ⫽c I 兲 and the
wall–parallel nematic phase 共with c b ⫽c N and s b ⫽s N 兲, respectively; ␥ IN, 储 is given in Eq. 共18兲. It is straightforward to
* 储 by solving numerically the Euler–Lagrange
evaluate ␥ WN,
equations, with the appropriate boundary conditions, and inserting the profiles into Eq. 共6兲 to obtain ⍀ 0 . The tension
follows from Eq. 共17兲 with p⫽p IN . The result is
* 储 LD⫽(2.1844⫾0.0004)⫻10⫺2 . Due to the increas␤␥ WN,
ing thickness of the nematic film as c b →c I⫺ , we determine
* by extrapolating ␥ WI(c b ) calculated for c b ⬍c I to c I .
␥ WI
The results for several values of c b are represented by the
symbols in Fig. 4; the dotted line denotes the estimate of the
* LD⫽(4.980⫾0.001)⫻10⫺2 .
limiting value, which is ␤␥ WI
Insertion of these results into Eq. 共24兲 gives cos ⫽0.9999
⫾0.0004. Within numerical accuracy, this result is consis* ⫽ ␥ WN,
* 储
tent with a vanishing contact angle , i.e., ␥ WI
⫹ ␥ IN, 储 , and, thus, with complete wetting of the WI interface
by the nematic phase. It is also consistent with the profiles
displayed in Fig. 5, which reveal the film increasing in thickness and exhibiting increasing bulk nematic character as c b
→c I⫺ . The dashed lines represent the values of the order
parameters of the coexisting nematic bulk phase. Note the
extremely small deviations from the bulk coexistence values
in the thickest film shown in Fig. 5. For clarity we present
two 共equivalent兲 sets of linear combinations of the profiles in
Fig. 5, viz. c(z), s(z), and ⌬(z) in 共a兲, and c(z), s ⬘ (z)
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FIG. 6. Surface excess free energy ␥ of the uniaxial, biaxial, and capillary
condensed nematic phases of hard-rod fluid confined in a slit of relative
width h⫽H/L⫽6 and in contact with an isotropic bulk reservoir at density
c b . The vertical dashed lines at c b ⫽c UB⫽1.0313 and c b ⫽c BC⫽1.246 43
denote the location of the continuous uniaxial–biaxial and the first-order
capillary nematization transition, respectively. Note that bulk coexistence
occurs for c b ⫽c I ⫽1.258 224 86, which is the maximum c b displayed.

VI. THE FLUID CONFINED BY PARALLEL HARD
WALLS

We now consider the effect of confinement by two parallel hard walls on the phase behavior of the hard-rod fluid.
Denoting the separation of these two walls by H, we characterize the walls by the external potential

FIG. 5. Profiles of the interface between a single hard wall and an isotropic
hard-rod fluid at a series of bulk densities c b ⫽1.25, 1.258, 1.258 224 5, and
1.258 224 85, showing an intruding nematic film whose thickness diverges
as c b →c I ⫽1.258 224 86. The curves in 共a兲 and 共b兲 are different representations 共linear combinations兲 of the same profiles 共see text兲. The dotted lines
denote the values of the various order parameters in the coexisting bulk
nematic phase. For the largest value of c b the interface between the nematic
film and the isotropic bulk fluid 关see 共b兲兴 mimics closely the free IN interface shown in Fig. 1.

⫽⫺s(z)/2⫹3⌬(z)/4, and ⌬ ⬘ (z)⫽s(z)⫹⌬(z)/2 in 共b兲. The
representation 共a兲 shows directly the relation with the profiles in the lower c b regime of Fig. 2 关where s(z) and ⌬(z)
are a ‘‘natural’’ choice兴, whereas the representation 共b兲 allows for an easier comparison with the parallel 共biaxial兲 bulk
IN interface shown in Fig. 1. Clearly, the representations of
the thick nematic films in Fig. 5共b兲 only show biaxial characteristics (⌬ ⬘ (z)⫽0) close to the wall (0⬍z⬍L/2) and in
the interface between the film and the isotropic bulk fluid.
Comparison with all three profiles in Fig. 1 shows that the
latter interface is virtually indistinguishable from the ‘‘free’’
IN interface between coexisting bulk phases, as expected for
the case of complete wetting. As c b →c I⫺ the interface depins
from the wall. Note that the weak oscillation in the density
c(z) observed at the isotropic side of the IN interface persists
for decreasing thickness of the nematic film.

␤ V ␣(2) 共 z 兲 ⫽

再

⬁

for 兩 z 兩 ⬎H/2
1 兩 z 兩 ⬎ 共 H⫺L 兲 /2

0

共 ␣ ⫽1,2兲
共 ␣ ⫽3 兲 ,

共25兲

otherwise.

Our goal here is to determine the phase diagram of the system as a function of the relative slit width h⬅H/L and , the
chemical potential of the reservoir of rods.39 We restrict our
attention to  ⭐  IN , and use the corresponding bulk density
c b ⭐c I of the isotropic phase to characterize this chemical
potential; the one-to-one correspondence between  and c b
is given in Eq. 共13兲 with s b ⫽0.
The results presented here are based on the numerical
solution of the Euler–Lagrange equations 共8兲 with the external potential V ␣ (z)⫽V ␣(2) (z) given in Eq. 共25兲. In order to
obtain the surface excess free energy ␥, the equilibrium profiles are again inserted into Eq. 共6兲 to obtain ⍀ 0 , and ␥
follows from Eq. 共17兲 with p⫽ p(c b ,s b ⫽0) from Eq. 共13兲
and volume V⫽AH. In Fig. 6 we show the resulting surface
excess free energy ␥ as a function of c b for h⫽6. The dotted
and thin full curves represent ␥ U and ␥ B , the surface excess
free energy for profiles with, respectively, uniaxial and biaxial symmetry close to the wall. These decay toward an 共essentially兲 isotropic phase in the middle of the slit. For sufficiently low bulk densities, c b ⬍c UB⯝1.0313, the only profile
satisfying the Euler–Lagrange equation is of uniaxial symmetry, and ␥ B is not defined. When c b ⬎c UB a significant
degree of biaxiality is possible close to the wall, and in this
regime we find ␥ B (c b )⬍ ␥ U (c b ), indicating that the biaxial
phase is thermodynamically more favorable than the uniaxial
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FIG. 7. Coexisting biaxial and capillary condensed nematic profiles for the
hard-rod fluid in a slit of relative width h⫽H/L⫽6; the bulk 共reservoir兲
density is c b ⫽c BC⬇1.246. The two walls are at z⫽⫾H/2. The biaxial
profile is virtually isotropic in the central region, with total local density
c(z)⯝c BC , while the condensed phase bears strong resemblence to the coexisting nematic bulk phase with c(z)⯝c N in the central region, and strong
orientational ordering throughout the slit.

FIG. 8. Phase diagram of hard rods in a slit of relative width h and in
contact with a reservoir at bulk density c b . The second order uniaxial–
*
biaxial 共UB兲 transition 共dashed vertical line兲 takes place at c b ⫽c UB
⫽1.031, while the first-order biaxial–capillary nematization 共BC兲 transition
共full curve兲 shifts to lower c b with decreasing h and ends in a critical point
共*兲. The dotted line is the Kelvin approximation to the BC transition line,
valid at large h 共see text兲.

phase for c b ⬎c UB . The difference between ␥ U and ␥ B be⫹
, and so does the differcomes vanishingly small as c b →c UB
ence between the gradients (  ␥ /  c b ) of both curves. The
reason for this is that the biaxiality ⌬(z) vanishes in this
limit and, hence, the difference between the uniaxial and
biaxial profiles. Consequently, the UB transition at c UB is
continuous. This is completely equivalent to the one-wall
situation considered in Sec. V. Our numerical estimate c UB
⯝1.0313 for h⫽6 is actually the smallest value of c b for
which we distinguish between a uniaxial and biaxial profile,
and is therefore an upperbound; it is larger than the analyti* for a single wall 共equivalent to
cally determined quantity c UB
h→⬁兲 by about 0.02%. We regard this small difference be* and c UB at h⫽6 as numerically insignificant, i.e.,
tween c UB
the location of the UB transition has not been altered by
confinement. For c b ⬎1.23 another type of profile emerges as
a solution of the Euler–Lagrange equations. This profile is
characterized by local biaxiality close to the wall, and a decay toward an 共essentially兲 uniaxial nematic phase in the
middle of the slit. We associate this profile with the existence
of a capillary condensed nematic phase (C) in the confining
slit. The corresponding surface excess free energy ␥ C is represented by the thick curve in Fig. 6. At c b ⫽c BC⯝1.246 43
we find that ␥ C intersects ␥ B with the difference in slope
being nonzero. This signifies a first-order capillary nematization transition at c b ⫽c BC . In Fig. 7 we plot the coexisting
biaxial and condensed profiles c(z), s(z), and ⌬(z) at this
transition for h⫽6. For clarity we display the full interval
⫺h/2⭐z/L⭐h/2, although we exploit the mirror symmetry
about the midplane z⫽0 in the actual calculations. It is clear
from Fig. 7 that the profile of the B phase has ⌬(z)⫽0 close
to the walls, but is virtually isotropic in the central region
with total local density c(z)⬇c BC . In contrast, the capillary
condensed nematic phase has a strong nematic character persisting throughout the central region, with a total local mid-

plane density c(0)⬇1.79 slightly below the coexisting nematic bulk density c N . We note that the capillary condensed
nematic phase (C) is also biaxially symmetric close to the
wall, but we omit this descriptor for convenience.
The UB and bulk coexistence 共BC兲 transitions were determined for other values of the relative slit width h, and the
phase diagram constructed as a function of c b and 1/h is
shown in Fig. 8. Here the UB and BC transitions are represented by the vertical dashed line and the full curve, respectively. For all h⬎1 the UB transition appears to be located at
* , the h→⬁ result. Although there are nonsystematic
c b ⯝c UB
deviations from the single wall value, these are probably
insignificant being at most 0.4%. The capillary nematization
is more interesting, since c BC decreases significantly with
decreasing h. Moreover, the first-order capillary nematization ends, as we shall argue in more detail below, in a capillary critical point at the critical slit width h⫽h c ⯝2.08
⫾0.01; this critical point is denoted by the asterisk 共*兲 in
Fig. 8. In the limit h→⬁ we see that the BC phase boundary
approaches the isotropic bulk coexistence value c b ⫽c I linearly in 1/h. This linear limiting behavior can be derived
from the Kelvin equation, represented by the dotted line in
Fig. 8. First we approximate the grand potential ⍀ B of the
biaxial phase at a given chemical potential  close to  IN 共or
* A⫺ p(  )V, and
bulk density c b close to c I 兲 by ⍀ B ⫽2 ␥ WI
* 储 A⫺p ⫹ (  )V.
that of the condensed phase by ⍀ C ⫽2 ␥ WN,
The factors of two in the surface tension contributions stem
from the fact that there are two walls now, and p ⫹ (  ) is the
pressure of the metastable nematic bulk phase arising for 
⬍  IN . 23 Using the results that cos ⫽1 in Eq. 共24兲, and that
 p (⫹) (  )L 2 D/   ⫽c (⫹)
b (  ), the density of the 共metastable兲
bulk system, one obtains from the coexistence condition
⍀ B ⫽⍀ C that the value of the chemical potential at BC coexistence,  BC , satisfies
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FIG. 9. The coexistence curve for the biaxial (B)—capillary condensed
nematic (C) phase transition plotted as a function of average number density 具 c 典 in the slit and relative slit width h. The crosses (⫻) on the horizontal axis denote the bulk coexistence densities c I and c N , and the dotted
lines are large-h approximations for the biaxial and capillary condensed
phases 共see text兲. The two branches of the coexistence curve intersect in the
capillary critical point at h⫽h c ⫽2.08.

 IN⫺  BC⫽

2 ␥ IN, 储 LD
,
h 共 c N ⫺c I 兲

共26兲

which is the Kelvin equation appropriate to the present system. For sufficiently large h the right hand side of Eq. 共26兲 is
arbitrary small but positive. Hence, one can expand the lefthand side about c I , using (  ␤ /  c b ) 兩 c I ⫽1/c I ⫹4/3
⬇2.1281 from Eqs. 共13兲 and 共14兲, to give ␤ IN⫺ ␤ BC
⬇2.1281(c I ⫺c BC). Combining this result with Eq. 共26兲, and
using the numerical values of c I , c N , and ␥ IN, 储 yields the
parameterisation 1/h⫽A 0 (c I ⫺c BC), with A 0 ⯝25.0, for the
Kelvin line shown in Fig. 8. A detailed comparison of the
prediction of the Kelvin equation with the full numerical
results reveals a relative difference in h ⫺1 of order 0.05 for
c BC⫽1.2574 共where h⫽50兲, and of order 0.4 for c BC
⫽1.2525 共where h⫽10兲; for smaller c BC 共or h兲 the Kelvin
equation becomes increasingly poor. Similar tests of the
Kelvin equation have been made for simple fluids in slit
pores23 and for a lattice model of the IN transition in finite
films with free surfaces.40
In order to gain more insight into both the large and
small-h regime of capillary nematization we consider an alternative representation of the transition. This representation
involves the average 共dimensionless兲 number density 具 c 典 in
the slit, defined as

具c典⫽

1
H

冕

H/2

⫺H/2

dzc 共 z 兲 ⫽c b ⫹

⌫
,
h

共27兲

where the adsorption ⌫ is defined as in Eq. 共23兲 but with the
z-integration limits equal to ⫾H/2. Converting the BC phase
boundary of Fig. 8 to the 具 c 典 -h ⫺1 representation yields the
two full curves in Fig. 9, where the low-具 c 典 curve represents
the coexisting B phase and the high-具 c 典 curve the corresponding C phase. Obviously, the different values of 具 c 典 in
the coexisting phases arise from different values of ⌫, since

7699

c b and h are identical. The two dotted curves represent parameterisations based on the following large-h approximations. For the B branch, we have c b →c I⫺ and ⌫→2 关 A 1
⫺A 2 ln(cI⫺cb)兴, where the factor of 2 accounts for the confined case with two walls, and where A 1 and A 2 are the fit
parameters for the single wall adsorption shown in Fig. 3.
Combining this with the large-h parameterization h ⫺1
⯝A 0 (c I ⫺c b ) which follows from the Kelvin equation as discussed above, one obtains 具 c 典 →c I ⫹2(A 1 ⫹A 2 ln(A0h))/h for
the large-h limit of the biaxial branch and this is shown in
Fig. 9 as a dotted curve. For large h the condensed nematic
branch has the parameterization 具 c 典 →c N ⫹2⌫ WN, 储 /h, with
⌫ WN, 储 ⯝0.135 the adsorption of the coexisting nematic bulk
fluid at a hard wall in the parallel director geometry. We see
that for small h ⫺1 the full curves of Fig. 9 are fairly well
approximated by these asymptotic results, especially for the
C branch.
We focus now on the small-h regime of Fig. 9, where
the difference of average density between the coexisting B
and C phase becomes progressively smaller and vanishes as
h→h ⫹
c and c b →c BC,c , with h c ⫽2.08⫾0.01 and c BC,c
⫽1.184⫾0.001. Such a vanishing density difference implies
that the coexisting B and C phase coalesce in a critical point
at a critical relative wall separation h c and a critical bulk
density c BC,c . That this is a genuine critical point is confirmed by an analysis of the spatially integrated uniaxial and
biaxial order parameters S and ⌬, respectively, at BC coexistence. S and ⌬ are defined by
S⫽

1
L

冕

H/2

⫺H/2

dz s 共 z 兲 ,

⌬⫽

1
L

冕

H/2

⫺H/2

dz ⌬ 共 z 兲 .

共28兲

Our results show that not only the values of ⌫ 共and hence

具 c 典 兲 become indistinguishable in the two phases as
h→h ⫹
c , but also those of S and ⌬. This implies that the two
phases are fully indistinguishable as h→h ⫹
c and c b →c BC,c .
The peculiar shape of the coexistence curve in Fig. 9, in
particular the re-entrant features on both branches and the
curvature near the critical point, should not be interpreted as
indicating nonclassical behavior. The shape reflects the fact
that the difference in 具 c 典 between the two phases was chosen
as the order parameter. Other measures of the adsorption, for
instance ⌫ as a function of  at fixed h, lead to more conventional shapes, with mean-field order parameter exponent
␤ ⫽1/2. We anticipate, as in the case of simple fluids,23 that
in reality 共beyond mean field兲 the capillary criticality of the
Zwanzig model should lie in the two-dimensional Ising universality class since the order parameter is a scalar and correlations can only diverge in the x – y plane.
For slit widths h⬍h c no capillary nematization takes
place, and the slit ‘‘fills’’ continuously as c b is increased.
This is illustrated in Fig. 10 for h⫽2, which is 共slightly兲
below the critical slit width. In Fig. 10共a兲 the total density
profile c(z) is shown for various values of the bulk density
c b in the range 1.05⭐c b ⭐1.25. Figure 10共b兲 displays the
corresponding biaxiality profiles ⌬(z). Note that the lowest
* so there is already a 共thin兲 biaxial film
value of c b ⬎c UB
present on each wall. This grows in thickness with increasing
c b . Although the character of the profiles appears to change
significantly for c b in the range 1.17⬍c b ⬍1.18, there is no

Downloaded 26 Aug 2002 to 131.211.35.187. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp

7700

J. Chem. Phys., Vol. 113, No. 17, 1 November 2000

FIG. 10. Profiles of 共a兲 total density c(z) and 共b兲 biaxial order parameter
⌬(z) for confined hard rods, with relative slit width h⫽2, at the indicated
values of bulk reservoir density c b . Since h⬍h c , no capillary condensation
takes place; rather the capillary ‘‘fills’’ continuously as c b increases.

discontinuous change. For c b ⬍c *
b ⯝1.1785, we have c(z
⫽0)⬇c b and ⌬(z⫽0)⫽0. The two separate regions of surface biaxiality meet at z⫽0 when c b ⫽c *
b , and for c b ⭓c b* it
is seen that c(z⫽0) increases rapidly, eventually to be of the
order of c N while ⌬(z⫽0) grows from zero to large values
characteristic of a nematic filling the slit. Consistent with the
absence of a phase transition, we were unable to find two
different profiles at the same c b for h⬍h c .
We note that our calculated phase diagram is consistent
with that obtained in Ref. 25, where the effect of confinement on a lattice model of a thermotropic liquid crystal was
considered. These authors investigated the phase behavior as
a function of the strength ␣ of the surface field; our results
correspond to a fixed, large value of ␣ if one substitutes the
coupling constant J of their model for the chemical potential
or c b of the present Zwanzig model.
VII. SUMMARY AND DISCUSSION

We have studied certain aspects of surface phenomena in
hard-rod fluids by considering the simple Zwanzig model in
the limit of length-to-diameter ratio L/D→⬁. The rectangu-
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lar shape of the rods and their restricted orientations permit,
within the framework of the second virial free energy functional, a straightforward numerical evaluation of the density
and order parameter profiles that minimize the functional.
This is to be contrasted with equivalent treatments of
共sphero兲cylindrical or ellipsoidal rods with continuous orientation degrees of freedom, for which the determination of
biaxially symmetric inhomogeneous profiles is numerically
demanding. The present model suffers, of course, from a lack
of realism compared with freely rotating hard rods, but we
feel that this drawback is compensated, to some extent, by
the accuracy with which the calculations can be performed
and, therefore, with which phase behavior can be determined. Moreover, on the basis of comparisons with previous
density functional results and with recent computer simulations of spherocylinders with continuous degrees of
freedom,29,41 we argue that many predictions of the phase
behavior emerging from the Zwanzig model actually hold for
a wider class of hard-rod systems.
Having made a straightforward but accurate determination of the thermodynamic parameters specifying bulk IN
coexistence, we study the ‘‘free’’ IN interface. We find that a
nematic director parallel to the IN interface is thermodynamically more favorable than a director normal to the interface, consistent with earlier work on freely rotating hard
rods.12–15 We also find significant biaxiality in the vicinity of
the IN interface, similar to that found in Ref. 15 for spherocylinders. When the fluid of hard rods is in contact with a
single planar hard wall, we find a continuous transition from
*
uniaxial to biaxial symmetry near the wall at a density c UB
significantly below the IN bulk coexistence density c I . Upon
* toward c I our results
increasing the bulk density c b from c UB
show a continuously thickening nematic film intruding between the isotropic fluid and the wall, the nematic director of
the film being parallel to the wall. The thickness of the film
increases logarithmically with (c I ⫺c b ), as is expected for
short-ranged forces. Calculations of the three relevant surface tensions yield a contact angle that is zero, firmly establishing the complete wetting scenario, in agreement with previous findings for closely related models.16,18
In the final part of our study we consider a hard-rod fluid
confined in a parallel slit of fixed width H. Apart from the
continuous uniaxial–biaxial surface transition already seen
in the one-wall system, we find a first-order capillary condensation 共nematization兲 transition, provided the relative
plate separation h⫽H/L exceeds a critical value h c ⯝2.08.
This first-order transition is found to terminate in a capillary
critical point at h⫽h c , and for h⬍h c there is a continuous
‘‘filling’’ of the slit as a function of c b , the reservoir density.
To the best of our knowledge, this is the first prediction of
the existence of capillary coexistence and the accompanying
capillary critical point in a hard-rod fluid. This prediction has
been confirmed recently by Gibbs ensemble Monte Carlo
simulations of freely rotating L/D⫽15 spherocylinders.29,41
These results illustrate how rich the entropically driven surface phase behavior is in such systems.
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