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We use computer simulations to study the existence and stability of a biaxial nematic Nb phase in
systems of hard polyhedral cuboids, triangular prisms, and rhombic platelets, characterized by a long (L),
medium (M), and short (S) particle axis. For all three shape families, we find stable Nb states provided the

shape is not only close to the so-called dual shape with M ¼ ffiffiffiffiffiffi

LS
p

but also sufficiently anisotropic with
L=S > 9; 11; 14; 23 for rhombi, (two types of) triangular prisms, and cuboids, respectively, corresponding
to anisotropies not considered before. Surprisingly, a direct isotropic-Nb transition does not occur in these
systems due to a destabilization of Nb by a smectic (for cuboids and prisms) or a columnar (for platelets)
phase at small L=S or by an intervening uniaxial nematic phase at large L=S. Our results are confirmed by a
density functional theory provided the third virial coefficient is included and a continuous rather than a
discrete (Zwanzig) set of particle orientations is taken into account.
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Anisotropic molecules, viruses, wormlike micelles, and
suspended nanoparticles can form liquid-crystal phases
which exhibit long-range order of the particle orientations,
possibly combined with some degree of positional order
[1–3]. The simplest liquid-crystal state is the homogeneous
nematic phase, which exhibits only orientational order.
However, this simplicity is only apparent. For instance, the
microscopic origin of the chiral nematic (cholesteric) phase
and the twist-bend nematic phase is still not well under-
stood, even though recent advances in particle synthesis
[4–6], microscopy techniques, and computer simulation
[7–15] have provided new insights.
A problem with an even longer history concerns the

existence of a stable biaxial nematic Nb phase, which
exhibits two optical axes in contrast to the ordinary uniaxial
nematic phase that displays only a single optical axis.
Biaxial nematic phases have long held promise for appli-
cations in novel optoelectronic devices, but their limited
window of thermodynamic stability (and for a long time
even their very existence) has been of great concern. The
theoretical prediction of the existence of the Nb phase goes
back to the 1970s [16,17], and first claims of its exper-
imental observation in a micellar system date back to 1980
[18]. In 2004, novel experiments on different molecular
thermotropic systems again claimed to observe the Nb
[19–22], which in the meantime was also observed in
computer simulations of attractive particles [23,24]. More
recently, an Nb phase was observed in colloidal dispersions
of purely repulsive boardlike particles in 2009 [25], where
the stability was argued to stem from polydispersity that
prevents the system from forming a smectic phase [26].

This finding in an entropy-dominated system appears to be
consistent with the observation of a stable Nb phase in early
simulations of hard biaxial ellipsoids [27,28], which do not
exhibit a smectic phase either [29]. Interestingly, however,
recent simulations of hard spheroplatelets (with a stable
smectic phase in their phase diagram) also revealed a stable
Nb phase [30], whereas ostensibly similarly shaped cuboidal
particles donot [31].On top of this confusing situation comes
an unsettled issue regarding the topology of the phase
diagram, in particular, whether a prolate (Nþ) or oblate
(N−) uniaxial nematic phase intervenes the isotropic (I) and
Nb phase or whether a direct I − Nb phase transition is
possible. According to early theoretical studies the density-
shape representation of the phase diagram exhibits a cusplike
featurewhere a rodlike regimewith I − Nþ coexistence and a
platelike regime with I − N− coexistence merge at the so-
called dual shape into a singlemulticritical pointwith a direct
I − Nb phase transition [32,33]. More recent Landau-type
theories, however, also allow for other scenarios either with
or without a direct I − Nb transition [34–37].
In this Letter, we settle the issue of the existence and

stability of the biaxial nematic phase in entropy-driven
systems by performing computer simulations of three
different families of hard biaxial particles, extending the
range of shape parameters to anisotropies much beyond
hitherto considered. We see that the Nb phase can be stable
close to the dual shape, as expected, but only if the particle
anisotropy exceeds a critical value which, surprisingly,
varies significantly between the different particle families.
In fact, we find that strong competition with the Nb phase
does not only come from the smectic phase at high densities
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but also from the uniaxial Nþ and N− phases at relatively
low densities, such that a direct I − Nb phase transition
does not exist due to an intervening uniaxial nematic phase.
The absence of this direct I − Nb transition in our simu-
lations is confirmed by a third-virial density functional
theory with continuous rather than discrete orientations of
the particles. For less anisotropic shapes, both uniaxial and
biaxial nematic phases are absent from our simulations, and
a direct I to a positionally ordered liquid crystal phase
(smectic Smþ for cuboids and prisms, columnar Col for
platelets) transition is observed.
We consider the three different families of hard particles

shown in Fig. 1: (a) cuboids, (b) triangular prisms, and
(c) rhombic platelets, all characterized by long (L), medium
(M), and short (S) particle axes that give rise to the
dimensionless particle length L� ≡ L=S, particle width
M� ¼ M=S, and the particle shape parameter
ν ¼ S=M −M=L ∈ ½−1; 1�—only two of which are needed
to fully characterize the shape for a given family. Rodlike
shapes with ν > 0 are expected to feature a prolate Nþ
phase in their phase diagram, and platelike shapes with
ν < 0 are expected to form an oblate N− phase. The case
ν ¼ 0 [or M ¼ ffiffiffiffiffiffi

LS
p

or L� ¼ ðM�Þ2] refers to the dual
shape where biaxial nematic phases could be expected [32].
We determine the phase behavior of more than 100, 60, and
20 members, as characterized by different L� andM�, of the
cuboid, rhombic platelet, and triangular prism family,
respectively, all as a function of packing fraction η, by
performing Monte Carlo and event-driven molecular
dynamics simulations of systems consisting of thousands

of identical particles [38]. We show that all three families
have members that exhibit a stable Nb phase such as
illustrated for cuboids with L� ¼ 35 and M� ≃ 5.9 (ν ¼ 0)
at η ≃ 0.3 in Fig. 1, where the same configuration is shown
twice with a color coding representing the alignment of the
long (d) and short (e) particle axes. We distinguish the
different liquid-crystalline phases with a variety of scalar
and tensorial order parameters [38].
In Fig. 2(a), we show the metaphase diagram of the

family of cuboids in the ðM�; L�Þ plane, where the symbols
represent actually simulated particle shapes, and the dashed
line corresponds to the dual shape (L� ¼ M�2 or ν ¼ 0). We
identify different regions according to the sequence of
nematic phases as observed from low to high density
beyond the isotropic phase; for clarity, we disregard the
high-density smectic, columnar, and crystal phases. The
black (circles) region corresponds to particle shapes that are
not sufficiently anisotropic to form any nematic phase due
to a direct transition from an isotropic (I) to a prolate

(a) (b) (c)

(d) (e)

FIG. 1. Shape families of (a) cuboids, (b) triangular prisms, and
(c) rhombic platelets with particle axes L, M, and S. Represen-
tative simulation snapshots (d) and (e) of a biaxial nematic
Nb phase composed of hard cuboids with L=S ¼ 35 and M=S ≃
5.9 (ν ¼ 0) at packing fraction η ≃ 0.3 of the same configuration
with the particles colored according to the orientation of their
(d) long or (e) short particle axis. Snapshots of an Nb phase for
triangular prisms and rhombic platelets are shown in the
Supplemental Material [38].

(a)

(b)

FIG. 2. (a) Metaphase diagram of hard cuboids in the dimen-
sionless particle width and length plane spanned by ðM�; L�Þ.
Symbols denote simulated particle shapes, the dashed line
indicates dual shapes L� ¼ M�2, and different colors denote
different sequences of oblate, prolate, and biaxial nematic phases
N−, Nþ, and Nb, respectively, upon increasing the density.
(b) Phase diagram of dual-shaped cuboids in the packing fraction
L� − η representation, featuring an additional isotropic phase I as
well as prolate and biaxial smectic phases Smþ and Smb. The
inset shows cross sections of a dual-shaped cuboid with L� ¼ 24.
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smectic (Smþ) phase, in accordance with recent findings
[31]. As expected, rodlike cuboids with L� ≫ M�2, i.e., far
above the dashed line, formNþ phases (green triangles), and
platelike cuboids with L� ≪ M�2, i.e., far below the dashed
line, form N− phases (red triangles). The phase sequences
close to the dual shape are more interesting. At intermediate
L� ∼ 16–23 and M� ∼ 4–5, in the rodlike regime above the
dashed line, we find a platelike nematic N− phase that
remarkably intervenes between the I and theNþ phase (blue
diamonds). Surprisingly, a biaxial nematic phase only
appears in Fig. 2(a) for cuboids close to the dual shape
when particle anisotropies are as extreme as L� > 23 and
M� > 5, again with an intervening N− phase (orange
squares). Quite deep in the rodlike regime, L� > 30 and
M� > 5, we even observe an intricate N− − Nþ − Nb phase
sequence (pink asterisks). Hence, the nematic phase in
coexistence with the isotropic phase is N− in a substantial
region even where L� > M�2 (or ν > 0). No direct I − Nb
transition is found for cuboidal particles. This conclusion is
even more apparent in Fig. 2(b), where we present the phase
diagram of dual-shaped cuboids in theL� − η representation,
where the lines denote the approximate binodals. For
L� < 11, we observe the strongly first-order phase transition

from the I to a prolate smectic (Smþ) phase. Furthermore,
Fig. 2(b) reveals for L� > 12 that the coexistence with the
isotropic phase is solely with the N− phase, which is stable
for a surprisingly large density regime before it transforms
into anNb phase forL� > 23 and intoNþ for 16 < L� < 20.
TheNb phase is seen to be stable for a wider range of η upon
increasing L�. Compressing the Nb to the smectic phase
leads to biaxial order being lost unless L� > 28.
Our present study extends significantly beyond previous

simulations on cuboids with M� ¼ 1 and 0.125 ≤ L� ≤ 5,
where no biaxial order was found nor expected [50]. In the
search for a biaxial nematic phase, Cuetos et al. [31] recently
performed extensive simulations ofmore anisotropic cuboids
with L� ¼ 9, 12 and 1 ≤ M� ≤ L�, but anNb phase was not
observed, consistent with our finding that L� > 23 is
required. Interestingly, dual-shaped cuboids with L� ¼ 23
have L=M ¼ 4.8, which is large enough for uniaxial rods to
form a stable nematic phase [51], whereas L� ¼ 12 only
yields L=M ¼ 3.5 which does not suffice.
We now turn our attention to the phase behavior of

triangular prisms with a dual shape (L� ¼ M�2) and an
isosceles triangular base with a base angle γ as defined in
Fig. 1(b). In Fig. 3, we present the phase diagram of these

(a) (b)

(c) (d) (e)

FIG. 3. Phase diagram of dual-shaped triangular prisms in the L� − η representation for (a) γ < γ� ¼ π=3 and (b) γ > γ�, see inset and
text. The dashed lines denote the binodals. (c) Metaphase diagram of hard rhombic platelets in the ðM�; L�Þ plane. Symbols denote
simulated particle shapes, the dashed line indicates dual shapes L� ¼ M�2, and different colors denote different sequences of nematic
phases upon increasing the density. Phase diagram of hard rhombic platelets in the M� − η representation for (d) L� ¼ 9 and
(e) L� ¼ 11, featuring an oblate smectic Sm− phase and columnar Col phase.
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particles in the L� − η representation, in (a) for γ < γ� and
in (b) for γ > γ�, where γ� ¼ π=3 is the cross-over angle
between one large and two small sides of the triangular base
for γ < γ� to vice versa for γ > γ� (see insets). Both phase
diagrams display an N− − Nb phase sequence for suffi-
ciently large particle anisotropies L� ≥ 11 in (a) and
L� ≥ 14 (b), i.e., without any direct I − Nb transition
due to an intervening N− phase. For smaller L�, we observe
an N− − Nþ − Smþ phase sequence in (a), whereas this
intervening Nþ phase is absent in (b).
Next, we consider in Fig. 3(c) the metaphase diagram of

the family of rhombic platelets in the M�-L� plane (with
L� > M�), with a focus on the sequence of nematic states
upon increasing the density. The dual shape is represented
by the dashed line. We again observeNþ for L� ≫ M�2 and
N− for L� ≪ M�2, but now with prolate order invading the
region ν < 0. A striking feature is the appearance of an
I − Nþ − Nb sequence (orange squares), not only above
the dashed line but also below it in the “platelike” regime.
As for cuboids and triangular prisms, we also find that the
family of rhombic platelets does not display a direct I − Nb
transition. This is also evident from the M� − η phase
diagrams for L� ¼ 9 and L� ¼ 11 shown in Figs. 3(d)
and 3(e), respectively. Figures 3(d) and 3(e) also show that
the Nb phase transforms into a columnar phase Col upon
increasing the density instead of a smectic phase in the case
of cuboids and triangular prisms.
In order to shed further light on the subtleties involved in

the absence of a direct I − Nb transition due to the
intervening N− phase in the case of biaxial cuboids, we
also employed density functional theory for these particle
shapes. We consider both a second- and a third-virial
theory, not only for the Zwanzig model with six discrete
particle orientations [26,52] but also for cuboids with a
continuum of particle orientations treated within an expan-
sion into Wigner matrices [38]. Within a second-virial
theory, there is perfect symmetry of prolate and oblate
ordering with respect to the dual shape. Contrary to
Mulder’s conclusion on the basis of a bifurcation analysis
[32], our numerical free-energy minimizations yield no
direct I − Nb transition, at least for dual-shaped Zwanzig
cuboids with L� > 11, but rather an I − Nþ=N− − Nb
sequence, where the Nþ=N− phases have identical free
energies within the second-virial theory, see Fig. 4(a).
However, in agreement with [26], we do find a direct
I − Nb transition for L� ≤ 11. In the third-virial theory for
the Zwanzig model, the Nþ=N− symmetry is broken in
favor of Nþ at ν ¼ 0 as shown in Fig. 4(b), in agreement
with the fundamental measure theory results of Ref. [52]
but not in agreement with our simulations of the continuum
model, where N− is favored. Applying the second-virial
theory to the continuummodel restores the symmetry about
ν ¼ 0 as illustrated in the phase diagram of cuboids with
M� ¼ 8 in the L� − η representation in Fig. 4(c), yet again
in disagreement with our simulations, where the symmetry

is broken. Only for a continuum of orientations combined
with the third-virial approximation is qualitative agreement
with the simulations obtained, since then the phase
sequence I − N− − Nb appears for ν ¼ 0. The resulting
metaphase diagram of the family of hard cuboids in the
ðM�; L�Þ plane is shown in Fig. 4(d), which clearly shows
that the N− phase invades the rodlike regime above the
dashed line that represents the dual shape.
In conclusion, for three large families of biaxial particle

shapes, we have shown that the Nb phase can be stable
close to the dual shape but only if the particle shape is
sufficiently anisotropic with L� > L�

min ¼ 9, 11, 14, 23 for
rhombi, prisms with angle γ < π=3 and γ > π=3, and
cuboids, respectively. Interestingly, for dual-shaped spher-
oplatelets that closely resemble our cuboids at first sight,
recent simulations [30,53] revealed an Nb phase for L� > 9
rather than L� > 23 for cuboids. This trend in which
particle shapes with triangular, rounded, or rhombic cross
sections have smaller L�

min than cuboids suggests that the
2D packing efficiency of the particle cross section in a
smectic layer largely determines L�

min [31,33,54,55].
Rhombic platelets with their minimal L�

min are indeed ideal
candidates for observing an Nb phase. Finally, none of the

(a) (b)

(c) (d)

FIG. 4. Phase diagram for dual-shaped cuboids in the L�-η
plane for a Zwanzig model within the (a) second- and (b) third-
virial theory. (c) Phase diagram for M� ¼ 8 cuboids in the L�-η
plane within the full-orientation second-virial theory. (d) Meta-
phase diagram of cuboids in the (M�,L�) plane for continuum
orientations within a full third-virial theory. Different symbols
denote different nematic phase sequences from low to high
packing fraction (up to η ¼ 0.6 for L� < 50 and up to η ¼ 0.4
for L� ≥ 50), neglecting spatially ordered phases.
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members of the different shape families exhibit a direct
I − Nb transition due to the surprising stability of an
intervening uniaxial nematic phase. Future experimental
efforts towards the self-assembly of biaxial colloids will
benefit from these results, with the knowledge that imper-
fections, such as roundness, facet corners, or polydispersity
in particle shape can facilitate the self-assembly of biaxial
nematic phases.
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