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Wall-fluid and liquid-gas interfaces of model colloid-polymer mixtures by simulation and theory

Andrea Fortinit Marjolein Dijkstra, and Matthias Schmidt
Soft Condensed Matter, Debye Institute, Utrecht University, Princetonplein 5, 3584 CC Utrecht, The Netherlands

Paul P. F. Wessels
Institut fr Theoretische Physik Il, Heinrich-Heine-Universitat Dusseldorf, UniversitatsstralBe 1, D-40225 Dusseldorf, Germany

(Received 22 December 2004; published 23 May 2005

We perform a study of the interfacial properties of a model suspension of hard sphere colloids with diameter
o and nonadsorbing ideal polymer coils with diametgr For the mixture in contact with a planar hard wall,
we obtain from simulations the wall-fluid interfacial free energy;, for size ratiogj=o,/0.=0.6 and 1, using
thermodynamic integration, and study tfexces$ adsorption of colloidsl’c, and of polymers|', at the hard
wall. The interfacial tension of the free liquid-gas interfagg, is obtained following three different routes in
simulations:(i) from studying the system size dependence of the interfacial width according to the predictions
of capillary wave theoryii) from the probability distribution of the colloid density at coexistence in the grand
canonical ensemble, ariii ) for state points where the colloidal liquid wets the wall completely, from Young’s
equation relatingyy to the difference of wall-liquid and wall-gas interfacial tensiopg,~ %g. In addition, we
calculateyys, I'c, and I, using density functional theory and a scaled particle theory based on free volume
theory. Good agreement is found between the simulation results and those from density functional theory, while
the results from scaled particle theory quantitatively deviate but reproduce some essential features. Simulation
results foryyq obtained from the three different routes are all in good agreement. Density functional theory
predicts ;g with good accuracy for high polymer reservoir packing fractions, but yields deviations from the
simulation results close to the critical point.
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I. INTRODUCTION these mixtures serve as excellent model systems to investi-
_ _ . _ gate fundamental issues in statistical physics. A particularly
Mixtures of sterically stabilized colloids and nonadsorb-simp|e model for colloid-polymer mixtures was proposed by
ing polymers are widely studied complex fluifis-3]. Pro-  \rij [5], and is often referred to as the Asakura-Oosawa-Vrij
vided the size and the number of polymers is sufficiently(AOV) model. A good historical introduction to this model
high, such mixtures can phase separate into a colloidal gasgether with many recent results can be found in the paper
phase that is poor in colloids and rich in polymers, and ay Braderet al. [3]. The bulk phase behavior as well as
colloidal liquid phase that is rich in colloids and poor in inhomogeneous properties of the AOV model were studied
polymers. The mechanism behind this demixing transition igvith both theory[3,11-14 and computer simulatiofi5—23.
of entropic origin and is due to the so-called depletion effectRecently, attention was paid to more realistic model interac-
An effective attraction between the colloids is generated duéons [14,18,24 for colloid-polymer mixtures. However,
to an unbalanced osmotic pressure arising from the exclusioffost of the essential physics of real colloid-polymer mix-
of polymer coils in the depletion zones between the colloiddures is indeed captured by the AOV model. ,
[4,5]. Since the associated relevant time and length scales are ' this work we study the wall-fluid and liquid-gas inter-
much larger than in atomic and molecular systems, directecial tensions of the AQV colloid-polymer mixture using

: ; : : te Carlo simulations and check the predictions of den-
experimental observations using advanced microscopy tec fon - .
: - : : sity functional theory(DFT) [14,25 based on an extension
niques enable the study of many interesting physical phe f the Rosenfeld functiond26], and of a scaled particle

nomena, e.g., thermal capillary waves at fluid interfaces an ory(SPT) [14] based on the free volume thedi]. The
droflft coale_scencefwerle ok_)served receg;dﬁ/ in real stpace angl—fluid interfacial tension of a hard-sphere fluid in contact
real time using confocal microscofi]. Other recent x- it 5 planar hard wall was recently calculated by Heni and

amples are the direct measurement of the contact angle of trf_%wen using a thermodvnamic inteqration procedure alona a
colloidal gas-liquid interface and different substra{&s, g y g P g

. . b path that corresponds to the growth of a wall in a bulk sys-
complete wetting of a substra{®,9], a wetting transition tem[27]. Here, we propose a thermodynamic integration ap-
from complete to partial wetting9], and capillary conden-

. g U proach similar in spirit, to determine the wall-fluid interfacial
sation in confining geometj0]. Hence itis fair to say that  groq energy of the AOV colloid-polymer mixture in contact

with a planar hard wall.
Different routes exist to determine the liquid-gas interfa-
*Electronic address: a.fortini@phys.uu.nl cial tension. The pressure tensor metti@é,29 is particu-
TPresent address: Institut fiir Theoretische Physik II, Heinrichdarly suitable for Molecular Dynamics simulation studies.
Heine-Universitat Disseldorf, UniversitatsstraRe 1, D-40225 DiisThe probability distribution methoB0] was used in Monte
seldorf, Germany. Carlo simulationg 31,32 and was recently applied to calcu-
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late the liquid-gas interfacial tension of colloid-polymer mix- vpp(ri)) =0, (2)

tures [21-23,33. The authors showed that the interfacial .. , i

width depends on system size and they verified the predidﬂ"h%rerii:“i_r” is the distance between two polymers, with

tions from capillary wave theory on system size dependench (1) the center-of-mass coordinate of polymiefj). The

[22]. Sideset al. and Lacasset al. found good agreement Colloid-polymer interaction is

between the interfacial tension obtained from the pressure w I3

tensor method and from the predictions of capillary wave Ucp(“ii _rj|) = - IR —r,-| <(oc+ ap)l2,

theory, provided that the density profile is fit to an error 0, otherwise,

function for Lennard-Jones particles and polymer blends - _ )

[34,35. In this work, we use both the capillary wave theory, Where|R ;| is the distance between colloicand polymer

as proposed in Ref§34,35, as well as the probability dis- - Our S|mullat|ons are perfo_rmed in a b_ox with d|menS|ons

tribution method to calculate the liquid-gas interfacial ten-L XL H with three-dimensional periodic boundary condi-

sion. In addition, we emp'oy Young’s equation in the Com_t|0|:ls |.n the C'ase of bulk S|mu|at|0ns.. To Cr.eate 'aWa”-ﬂL"d'Or

plete wetting regime to obtain an estimate for the tension of liquid-gas interface, we perform simulations in a box with

the liquid-gas interface from the difference in wall tensions,Periodic boundary condition solely in theandy directions
The paper is organized as follows. In Sec. Il we brieflyParticle potential acting on particles of speciesc, p reads

review the AOV model. In Sec. Ill A an overview of the @s

thermodynamics of inhomogeneous systems is given. In Sec. . _ _

Il B we lay out the simulation methods used in the determi- vwdZei) = {0’ it o/2 N Hi=al2, (4)

nation of the wall-fluid tension. In Sec. Il C we detail the ’ %, otherwise,

simulation method to obtain the adsorption at a hard wall. "\Nherezki is thez coordinate of particlé of species, andH,
Sec. lID we present the corresponding derivation Usings the separation distance between the two walls for species
scaled particle theory. In Sec. Ill E we review the capillaryy gor the simulations of hard wall properties, we Usdg
wave theory for the width of a liquid-gas interface. SectionsszEH, corresponding to two planar hard walls. For the
lII'F and Il G are devoted to obtaining the liquid-gas inter- gjmulations of the liquid-gas interface we use a box with
facial tension from the probability distribution of the colloid periodic boundary conditions in the andy directions and
density at coexistence and from Young's equation, respeGielimited in thez direction by one impenetrable and one
tively. In Sec. Ill H we give a brief overview of the DFT. In gemipermeable wall; this asymmetric slit is defined by the
Sec. IV we discuss our results for the wall-fluid tens{Sec. wall-particle potential4) with H,=H-20, andH,=H. The
IV-A), adsorption(Sec. IV B), and liquid-gas interfacial ten- jnpenetrable wall az=0 favors the colloidaliquid phase,
sion(Sec. IV Q. Concluding remarks are given in Sec. V. \yhile the semipermeable wall aEH, is impenetrable for
the colloidal particles, but penetrable for the polymers
(which are free to overlap with this wallHence, there is
no effective polymer-mediated wall-colloid attraction and
the semipermeable wall favors the colloidal gas phase

3

Il. MODEL

We consider a mixture of sterically stabilized colloidal [14.17.19 20
sphereqspeciesc) and nonadsorbing polymer coilspecies T

p) immersed in a solvent. The interaction between two Steriiro;htislf:nra;?f:tgglgfcfésct?vgegénIe;::gr??r:ﬁer?aectgg;hgéfvegén
cally stabilized colloids resembles closely that of hard 9 P

: . . o the colloids. Packing fractions are denoted by,
spheres, while a dilute solution of polymer coils in a theta_ mrﬁNk)/(GLZH), and the number density is denoted by

solvent can be treated as an ideal gas as the polymer coils are” 5 S

interpenetrable and noninteracting. The polymer coils are ad*~ Nk,/(L H) for speC|e§k—c,p. We also employ, as an al-
sumed to be excluded from the colloids to a center-of-masi€rnative thermodynamic variable t, the polymer reser-
distance of(o,+0,)/2, whereo, is the diameter of the col- VO packing fraction,

loids, ando,=2R; is the diameter of the polymer coils, with LT o, T 4

Ry being the radius of gyration of the polymers. A simple To= g oo™ 5 Tnt (5)
idealized model for such a mixture is the so-called Asakura-

Oosawa-Vrij(AOV) model[4,5] defined through pair poten- where z, is the fugacity of the polymers that constitute an

tials, that between colloids being ideal gas with densityy, in the reservoir.
_J]» iRy <o Ill. METHODS
vedRy) = 0, otherwise @
) 1S€, A. Overview of interfacial thermodynamics

s i Generally, the interfacial tension in an inhomogeneous
where R;=[R ~Rj| is the center-of-mass distance betweengysiom is the grand potential per unit area needed to create
two colloidal particles, withR; (R;) the center-of-mass coor- an interface in an initially uniform bulk system at fixed
dinate of colloidi (j). The polymers are described as nonin-chemical potential of colloidsy., and polymersu,, and
teracting particles with fixed volumeV and temperaturg. The grand potential for a
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bulk mixture of colloids and polymers reads as state points with high packing fractions of colloids; generally
bulk : grand ensemble simulations are difficult to perform at high
O (o 1,V T) = = Plptes i TV, ®)  densities due to small particle insertion probabilities. To
wherep is the bulk pressure. The system in contact with ancompute the tension we have to recast @).in a way that
interface possesses the grand potential, is consistent with the semigrand canonical ensemble. The

grand potentials for the bulk and the inhomogeneous system
Qe sV, TA) = = plites s IV + Yo A, (7). are related to the corresponding Helmholtz free energies via

whereA is the area of the interface andu.,up, T) is the a Legendre transformation,

interfacial tension, which can hence be expressed as
y= Q(Mm:“pv,T-A) - QbU|k(,ch,/Lp,V,T)
A .

QDU|k(/.LC,/Lp,V,T) - Fbulk(Ngulk,Ngulk,MT) _ MCNEUH(
bulk
(8) = N, (14

Besides the liquid-gas interface, wheye y4, Egs. (6)—(8) Qe sV, T,A) = F(Ne,Np, V. T A) = N = N,
apply also for a fluid adsorbed between two parallel plates

(walls), where y=+v,, provided that the wall separation is

sufficiently large[36,37], and that the areA is equal to the e substitute Eq914) and(15) in Eq. (8) to obtain
total area of the two plateg=2L2. At fixed chemical poten-

tials the number of particles in the inhomogeneous system, F(Ng,Np) - Fbulk(NgU'k,NgU'k)
N; andN,, of colloids and polymers, respectively, will be in Y= A

general different from those in the bulk" andN3". The

excess number of colloids and polymers per unit area, i.e. thghere we omitted the dependence on the varialleE, u.,

(15

~#el'c - Mprp: (16)

adsorptiond’; andl', respectively, are defined as and u,, in the notation. Note that the tension is not only the
— NPulk difference of the Helmholtz free energies, but additional
Co(pter i T) = c ¢ (9) terms, ulc and u,l'p,, arise in Eq.(16). One can further
A simplify by Taylor expanding-(N,N,, V, T,A) aroundNg"X,
Np -~ NbQU|k bulk oF bulk
T (e i T) = PO (10) F(Ne,Np, V, T,A) = F(N ,Np,V,T,A)+m(NC—NC )
(9
The grand potential&s) and(7) in differential form read as + O((Ng = N2Uky2) | (17)
A0 (prc V. T) = = Ng"™ dusg - NBUIK dup—p dV Keeping only the first order term, one can approximate the
— uk T (11)  interfacial tension as
F NbU|k,N ,V,T,A — Fbulk NbU|k,NbU|k,V,T
dQ(pes pap Vo T,A) = = Ne dpg = N gy = p dV-S dT y= (Ne Ry ) A N )‘Mpr.
+ ydA. 12
4 (12) 18

Using Egs(11) and(12) and Eq.(8) in differential form, it is
straightforward to shoW38] that the adsorptions are related The same approximation was employed in R&f/] (using

to the interfacial tension through N,=0 anng”'k:O) to calculate the interfacial free energy of
hard spheres in contact with a planar hard wall. To compute
T,=- (ﬂ) andT,= - (ﬂ) _ (13) the wall tension, we need to perfortwo free energy calcu-
e/ T Mp/ T lations, one for the bulk and one for the inhomogeneous

system. As the free energy cannot be measured directly in a
Monte Carlo simulation, we use the thermodynamic integra-
tion techniqud 39] to relate the free energy of the system of

B. Hard wall-fluid interfacial tension via thermodynamic .
interest to that of a reference system

integration
To determine, from simulations, the wall-fluid tensigg F(Ne,Np, V, T,AN = Nna)
of the AOV model we should apply E¢B), as is manifest in . .
the grand canonical ensemble, i.e. for constant colloid and =Fy(Ns,N 'V,T,)\ZO)J,f d)\<&—> . (19
polymer fugacities. However, in our simulation it is more P A=0 A

convenient to use the semigrand canonical ensemble fixing

the number of colloids and the fugacity of the polymers. TheThe reference system is chosen to be an ideal gas, so
reason is twofold. First the interfacial tension as a function ofFig(N¢, Ny, V, T,A=0) is the Helmholtz free energy df,

the fugacity of polymers can be directly compared to theideal colloids and\, ideal polymers in a volum¥ at tem-
DFT results of Ref[14]. Second, fixing the number of col- peratureT. We then introduce the suitable auxiliary Hamil-
loids instead of their fugacity allow us to efficiently study tonian,
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Ne Ng Np N N and the confined system of volurivewith N2 colloids and
H, = )\(E VedRy) + 2 2 Vel |[R = i) + €2 Vel Z) (Np) polymers. In the canonical ensemble simulations, we
<] i=1j=1 i=1 determined the chemical potential of the polymer as a con-
Np sistency check. Typical number of the colloids and the poly-

+e, va(zp,i)> , (20)  mers areN?"=54-900 and\}"“=0-20000, while the vol-

i=1 ume of the simulation box is aboM:(1200—3000)(r§ and

where we approximate the hard-core potentials of the AOV = 160c. The errors are estimated calculating the standard
model with penetrable potentials: The colloid-colloid inter- deviation from four or five independent simulations.
action reads as

VedRj) = 0(0: - Ry), (21) C. Adsorption at a hard wall from simulation

where®(x) is the Heaviside step function. Likewise we de- 10 Study the(excess adsorption of colloid-polymer mix-

fine the interaction potential between the colloids and thdures at a planar hard wall we simulated both the bulk mix-
ture and the mixture in contact with the hard wall in two

olymers as X
poy independent Monte Carlo simulations in the grand canonical
s N g (oct+0y) I ensemble and hence we considered only state points of low

VelR; fj|)—( > IR =il |- (22 colloid packing fractionz,. After discarding 50 000 MC

steps per particle for equilibration, we take the average of the

The int-eraction between the walls and the partiCIeS of SpeCi%mber of partic]es for another 50 000 MC Steps per partide.
k=c,pis The differences in particle numbefper unit areain the

o o confined system and in the bulk system then give the adsorp-

Vi Zi) = ®(E - zk’i> + (E - (Hy- zk’i)), (23)  tion of both species via Eq$9) and (10).

wherez; is the z coordinate of particlé of speciesk. For
A=0, this system reduces to an ideal gas, whileXer oo,
the system describes the AOV model given by Ed$-(4) For a system of hard spheres the scaled particle theory
in bulk (e=0) or confined by two wallge=1). The interac- [40,41] describes quite accurately the pressprethe hard

tion potential is switched on adiabatically using the couplingwall-fluid interfacial tensiony,s, and the(exces$ adsorption
parametei. In principle, our system of interest is described Iy, given through the expressions

by the Hamiltonian(20) using A .— °, but also for suffi-

D. Adsorption at a hard wall from scaled-particle theory

ciently high values of\ 5, the system reduces to our system Bp - 1+n.+ ’75 (25)

of interest with hard-core potentials. Clearky,,, should be pe  (1-7)%"

sufficiently large to ensure that the system is indeed behav-

ing as the hard-core system of interest. On the other hand, (2+ 1)

Amax Should not be too large, as this would make the numeri- Bynsos = 3ﬂcm, (26)
C

cal integration less accurate. The integrand function of Eq.

(19) is then 9.2 3
_ e ST
<£> —<%> =<i> ) (24) Fhsﬂ%_ m(1+2y) w° 27
A A

My N » In particular, Eq(27) was shown to compare well with simu-
The function(H,/\), is computed counting the number of |ation [28] and DFT[42] results.
overlaps between colloids, colloids and polymers &fud Recently an SPT expression for the wall-fluid tension of
the inhomogeneous system onlyarticles and walls. The AOV model colloid-polymer mixtures was derived by Wes-
free energy can then be obtained using Ek). The inte-  selset al. [14] using the bulk free energy for a ternary mix-
grals are evaluated using a 21-point Gauss-Kronrod formulgure obtained from free volume theof¥l] as an input, and
where 5000-15 000 MC cycles per particle are used for théaking the limit of vanishing concentration and infinite size
sampling of each integration point. The wall-fluid interfacial of the third component. Their expression reads as
tension is then computed using Ed.8). In detail, we first ’ ;
perform a simulation of the AOV model in bulk and a sepa- Bywioe = Bymsoe + 7of(710), (28)
rate simulation of the AOV model confined by two walls, \yhere f(10)=3a(70) | (Pm[L1+(1+39+q2) 7+ (3q+402) 72
given by the interaction§l)—(4), both in the semigrand ca- +30273), 7= 5c/ (1-7) and Byneo? is given by Eq.(26). The

: : : Ik
?hoemgr?(lar?}ri]csaeirg?)ltee'nlt-izl' (;’;’Gihfg(;gg nq:;;)bearn%f t?]oelk\)/léﬁrﬁe polymer free volume is given by the scaled particle theory as

V=LXLX I-tl) |\|<Ne measure the average number of polymer in a(n) = (1 - ndexp— (3q+ 30+ q°)7
the bulk,(Npu ), and in the confined syster{i,). We then 2 3 3

> i - (9972 + 35%) 72 - 3g°7).
perform two separate thermodynamic integratiGnghe ca- (%q 3 qa°r)
nonical ensemb)eto obtain the free energy of the bulk sys- Results fory,; from Eg. (28) were found in Ref[14] to
tem with N colloids and(N3"*) polymers in a volume/,  compare reasonably well with those from full numerical den-
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sity functional calculations. Below we will compare these broadening depends primarily on the interfacial tension and

approaches against our simulation data.

the area of the interface. To calculate the capillary wave con-

Here we derive an SPT expression for the adsorption ofribution to the interfacial width one has to sum over the

the AOV model at a hard wall starting from E{8) and

building derivatives according t@3). The colloid chemical

potential obtained from the free volume thediyl] is

!

Brc= Brnd 1) = 77[,%, (29

where  Bund 70) = (14— 13p.+573) / (2(1-73,)°) —log(1

contributions from each thermally excited capillary wave to
the amplitude of the oscillations in the instantaneous inter-
face position. Here we briefly sketch the derivation of Sides
et al. and Lacasset al. and refer the reader to Ref84,35

for further details; a very recent study devoted to capillary
waves in colloid-polymer mixtures is that by Virt al.[43].
Fluctuations due to capillary waves ijix,y), the mean lo-
cation of the interface in thedirection, have an energy cost

- 7.) +log(67./ ) is the SPT expression of the chemical po-
tential of a system of pure hard spheres at packing fractio
n. anda’ =dal dn.. We compute the colloidal adsorption us-

ﬁiue to the increase in surface area of the interface. The free
energy cost of the interfacial fluctuations is the product of the

ing Eq.(13),
o= &,B’wa(Mc,,U«p)O'g __ algwa(%lup)ag .
cYc aBMC &7]‘: (?ﬁ#c I
(30)
where
I e Mp) _ (aﬁﬂc( oo i) )—1 -
B ne !

is computed using Eq29). The final expression is

!

1+ nL 5
BYh
Teo?=Tyo?| —0 |, (32)
I
1- o

B
where f'=0f/9n., V.=V IMcr b= Ittns! I and o’

:&Za/ang. We note that the hard-sphere limit is obtained
correctly for 7/;,:0. We also calculate the polymer adsorp-

tion,

[o?=— IBYwi (e 1p) T

p~c a,BMp
P 2
=—77rf—( ths(nc)0c+ . ﬁf(%)) e (33
P I P o By
Rewriting Eq.(29) as
Brnd 170) = B
rp= S (34)
we arrive at
5'770 - 77r<0')_77r9)_1: ﬂrar (35)
ﬁﬁl"p P INe qaﬂl('l'{]s_ 7];)“”

The final expression reads as

a!
T (17002 = = (Bt = B o2+ n;)@rc(nc)ai- (36)

E. Liquid-gas interfacial tension from capillary wave
broadening

excess area of the undulated interface over that of the flat
one, and a liquid-gas interfacial tensiog,, which is as-
sumed to be independent of curvature. The interfacial Hamil-
tonian, assuming thdtand its derivatives are small, reads as

H:lz'gjdx dy V Z(xY)P2. (37)

Introducing a Fourier expansion gtx,y), one arrives at

H= 12“'1 J dda? @/, (38)

where G=(qy,q,) denotes a two-dimensional wave vector

andZ@ is the Fourier transform of(x,y). Using the equi-
partition theorem, the mean-square amplitude for each inter-
facial excitation mode reads as

keT
5

o
(<@ ol

(39

The mean-squared real space fluctuations can be calculated
by summing over all allowed modes:

1 Amax R kaT L
f d&(|Z@ == ln(—),
2777Ig b

2
(277) Amin

(2x Py =
(40)

where the lowq cutoff, g, IS determined by the system
size, i.e.,qmin=27/L in our simulations and gives rise to
system size dependence. The higleutoff, gy,.,=27/&, is
determined by the bulk correlation lengf which is of the
order of the colloid diameter, and avoids the divergence in
the integral.

The total width of the interface, as measured in experi-
ments and simulations, includes contributions from the in-
trinsic width and the broadening due to capillary wave fluc-
tuations. If one assumes that the capillary-wave fluctuations
are decoupled from the intrinsic profile, the total interfacial
profile W(z) can be expressed as a convolution of the intrin-

Capillary wave theory describes the broadening of an insic interfacial profiley(z) and the fluctuations due to capil-
trinsic interface of widthw, due to thermal fluctuations. This lary waves,
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* as fitting parameters, we find that the variance of the deriva-
¥(2) =f Wz = 20)P(20)d7, (41)  tive of this fitting function is related to the interfacial width

— w, i.e.,v[¥']=w?. Using Eq.(44) we are able to determine
whereP(z,) is the probability of finding the local interface at ¥y from the fits of the size dependence of the interfacial
2, The interfacial order parameter profile(z) is defined — width.
such that it varies between -1 and 1, In contrast to the wall-fluid tension and the adsorption
simulations described in Secs. 1l B and Il C, we used for
the liquid-gas interfacial tension simulations described in this
section and in Sec. lll F, an efficient simulation scheme for
the AOV model that was recently developdd]. It is based
where p.(2) is the cross-section averaged density profile ofgpy the exact effective one-component Hamiltonian of the
the colloids andp}, and p? are the colloid densities of the colloids, i.e., it incorporates all the effective polymer-
colloidal “liquid” and “gas” phase at coexistence. In Refs. mediated many-body interactions. The effective one-
[34,35, the authors define the variance of the derivative ofcomponent Hamiltonian can be derived by integrating out
the total interfacial profiledW(z)/dz=V' as a measure of the polymer degrees of freedom in the binary colloid-
the width of the interface. The variance of a distributibn polymer mixture. To this end, we considég colloids and\,

_ 2 Pt pd
V(z) = PIC _ P(g; |:PC(Z) 2 :| ) (42

reads as polymer coils in a macroscopic voluméat temperaturd.
o The total Hamiltonian consists of interaction teridsH.
sz(Z)dZ 2 ~ +Hcp+pra where Hcc:EiN<chcc(Rij)a Hcpzz"iNCEJNpUcqui

o0 _ — (d?deP)f(a)]g=0 1), andHp,==2,0,(ry). It is convenient to consider the

off]= ' (43) system in the(N;,z,,V,T) ensemble, in which the polymer

" t2d 1(0) min U . |
(2dz fugacity is fixed. The thermodynamic potentrabf this sys-
- tem can be written as ekpBF]=Tr.exg—BHexl, Where

where?(q) is the Fourier transform df(z). Using this choice Her=Hec+ ils tsme gffective Hamiltonian and where cTis
of measure for the interfacial width, one can show explicitly Short for ING!AG™ times the volume integral over the coor-

using the convolution theorem that the total interfacial widthdinates of the colloids, and wher, is the thermal wave-
can be written as the sum of an intrinsic part and a contribul€n9th- It is straightforward to show that one obtains for the

tion due to capillary wave fluctuations present model the exact resp) =-z,V;, with the so-called
' free volumeVi, i.e., the accessible volume for the center of
keT |n< L

o R mass of the polymer coils. This free volume can be calcu-
o[V ]=vly ]+ olP] =0l ]+ 219\ lated numerically on a smart grid for each static colloid con-

) ] ) figuration. For more details, we like to refer the reader to
where we identify[P] as the rr;ean—squared fluctuations duerefs [17,46. The advantage of this scheme is that the poly-
to capillary waves, |.e.<|_§(x,y)_| ) _ mer degrees of freedom are integrated out and enter the ef-

To measure the tension using the results of capillary waveective one-component colloid Hamiltonian only by the poly-
theory one needs to create a liquid-gas interface in the simumer reservoir packing fractiom?;. Hence, we avoid
lation box. To stabilize the liquid-gas interface we performequilibration and statistical accuracy problems due to fluctu-
the simulations in a box with dimensionsxLXH, with  ating polymer numbers. Moreover, our simulations are not

H=480;, delimited in thez direction by one impenetrable |imited by the total number of polymers and can be per-

wall and one semipermeable wall. We vary the lateral dimenformed at high polymer reservoir packing fractions far away
sions in the range of & <L <250.. The canonical simula- from the critical point.

tions are started in the middle of the two-phase region. After

equilibration the system is phase separated, the gas phase in £ | jquid-gas interfacial tension from the probability
contact with the semipermeable wall and the liquid phase in
contact with the hard wall. The liquid-gas interface is in the » . . o
middle of the simulation boxsee also Fig. 6 We determine In addition, we determingyy using the probability distri-
the total interfacial widtho[¥'] from the interfacial order Pution method. We perform Monte Carlo simulations in the
parameter profilel’(z) measured in simulations according to 9rand canonical ensemble using again our novel effective
Eq. (42). A priori, it is not clear whether the density profile one-component S|mulat|on. _scherﬁ]e?], explained In Sec.
should be fit to an error function or a hyperbolic tangent. n'!! E..To .obtaln the proba_blllty P(N?)|Zcﬂl’ Of. ObserV'”QNc

Ref. [34], it is shown explicitly that the interfacial width Colloids in a volumeV at fixed colloid fugacityz, and fixed
extracted through fits of the density profile to a hyperbolicp0|3/m_er reservoir packmg_ fractiomy,, we use a sampling
tangent lead to systematic errors and that better results fégchnique called successive umbrella sampliag]. Em-

the interfacial tensions are obtained using the error function?loying this technique, we sample the probability distribu-
In addition, later work on water/carbon tetrachlorjdd] and ~ tion  P(No),_,; in small windows one after the other, in
molten salt(Kl) [45] interfaces also found good agreementwhich the number of colloid$\; is allowed to fluctuate be-
between the interfacial tension calculated using the capillarjween 0 and 1 in the first window, 1 and 2 in the second
wave formalism and the pressure tensor components. Fittingindow, etc. We first perform an exploratory short run with-
W (2) by an error function effz—z,)/(w\2)], usingz, andw  out a bias, yielding®(N.—1) and P(N,) for window N.. We

) ., (49

distribution
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then perform a biased simulation in which we sample from a 200
nonphysical distribution(N.) =g(N.)P(N,.) instead of the
grand canonical distributiorP(N;). We have chosen the
weight functiong(N,)=1/P(N.), where we useP(N,) ob- 150 7
tained from the unbiased exploratory simulation run. This .
choice for the weight function yields a constamtN,) and N
the system will visit equally the state witkh.—1 colloids as g 100~ I
the state withN,, colloids. Of course, we have to correct our v
weighted sampling for the bias by dividing out the weight
function g(N). The more accurate grand canonical distribu- 0r I
tion P(N,) is obtained from
P(Ng) = (N (45) % 2 4 6 g 10

g(No) -

In addition, we use the histogram reweighting technique to  FIG. 1. The average number of overlaft$/)),, between col-
obtain the probability distribution for arg, onceP(N) IZC,,,;) loidal particles and the walls per unit volume as a function of the

is known for a giverz. [33]: height of the step potential for the pure colloidal systeﬂ{]:o)
, with packing fractionzn,=0.4. Forg\ =10 the number of overlaps
Zc) is zero within statistical fluctuations and the system behaves like the
P(NQ|y 7 = In P(N +In| =N, 46 Y
( °)|Zc 8 ( C)|Z°"7L ( ¢ (46) hard-sphere system. The line is a guide to the eye.

At phase coexistence, the distribution functi®iN,) be-
comes bimodal, with two separate peaks of equal area for the
“colloidal” liquid and gas phase. To determine phase coex- Young's equation relategg to the difference in wall-fluid

G. Liquid-gas interfacial tension from Young's equation

istence, we normalizeP(NC)|ZC,,,L to unity, tension for the gasy,, and the liquid phasey,;, via
N (Ywg = Yw) = Yig COSH, (52)
f P(Nc)|zc,77’ dN= 1, 47) | Ywg 7\/.\/I Vg .
0 P where# is the (macroscopigcontact angle at which the gas-

liquid interface hits the wall. In the region of complete wet-
ting, the contact angle is zero and henggcan be obtained

(" d from the difference of the wall-gas and wall-liquid tensions,
<NC> - 0 NC P(NC)|ZC,77L NC' (48) ’ylg:(’ng—'ywl)_

and we determine the average number of colloids,

Using the histogram reweighting techniq(46) we deter-

B . H. Density functional theory for interfacial properties
mine for whichz, the equal area rule, y y prop

N w We use the approximation for the Helmholtz excess free

J P(No)|,7r AN = f P(No)|,,7 AN,  (49)  €nergy for the AOV model as given [25]. For given exter-

0 e'p (No P nal potential, the density functional is numerically mini-

. . . . ... mized using a standard iteration procedure. The interfacial

representm_g the ‘?°”d't'°U for ph_ase coeX|_st_ence, Is satisfie nsion is then obtained from EB), and the adsorption of
The I|qU|dz—gas mterfama! tension, for a finite system of both species from Eq$9) and (10). Technical details about

volumeV=L?H can be obtained fromP(N,) zm, at coexist-  he pFT implementation that also apply to the present study

ence. are given in[13].

1 P(NS P(N!
mﬁﬁ{ln( Mt 2 °*ma*))—ln[P(Nc,mm>]]

IV. RESULTS
(50) A. Wall-fluid interfacial tension

whereP(NZ, ) andP(N ,..,) are the maxima of the gas and | this section we present the results on the interfacial
liquid peaks, respectively, arf(N min) is the minimum be-  tension of model colloid-polymer mixtures from simulation,
tween the two peaks. We can determine the interfacial tenSPT and DFT. We checked the simulation technique per-
sion for the infinite system, i.exyq, by performing simula-  forming simulations for a system of pure hard sphe(ra;gs
tions for a range of systems sizes and by extrapolating the ) and started by finding the optimal value fif,,, the
results to the infinite system, as shown by Binder, USing th@naximum he|ght of the poten“ﬁ]zO) To this end, we com-

relation[30,31,33 puted the average number of overlafp$/)\), among par-
xInL InA ticles and walls for different values of the potential height
Yol =Yg~ Sz T 2 (51)  with H defined by Eq(20). The value of\ 5 depends on the

particle packing fraction. In Fig. 1 we plot the average num-

whereA andx are generally unknown. ber of overlaps between the colloidal particles and the walls
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FIG. 2. The reduced wall-fluid interfacial tensighyo? of hard

spheres adsorbed at a hard wall as a function of the colloidal pack-

ing fraction 7.. We compare our simulation resultspen circles

with Monte Carlo simulation$27] (open squargsand Molecular
Dynamics simulation$28] (crosses The dotted line indicates the

result from SPT and the solid line denotes the DFT result.

for packing fractionzn,=0.4. For all values of3\ =10, with
B=1/KT the inverse temperature, the average number of
overlaps is zero within the statistical fluctuations. Smallerfound that our simulation results are consistent with the re-
sults of Ref[27]. At packing fractionz, = 0.45 the precision

packing fractions require smaller values @i We
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FIG. 3. Phase diagram of the AOV model for size rajl as
obtained from simulations, taken from Ref4.7] (symbolg, and

free volume theory11] (dashed ling as a function of the colloid
packing fractions. and the polymer reservoir packing fractiofa.

F and S denote the stable fluid and sdlicc) phase. F+S and F
+F denote, respectively, the stable fluid-fluid, and fluid-solid coex-
istence region.

checked the reliability of the approximation by computing of the simulation is low but comparable with the simulation
method of Heni and Loéweh27] using the wall insertion

the reduced wall-fluid interfacial tensi(ﬁryhsag (Fig. 2 and

2.5
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FIG. 4. The wall-fluid interfacial tension of the model colloid-polymer mixture adsorbed against a hard wall. The symbols denote
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" (b)q=06

M,

simulation results, dotted curves denote SPT re$lit§ and the solid curves denote DFT resuiltd]. (a) Size ratioq=0.6 andn[J:O, 0.2,
and 0.4;(b) size ratioq=0.6 and7,=0.5, 0.6, and 0.7(c) size ratioq=1 and7,=0, 0.2, and 0.4{d) size ratioq=1 and7,=0.7, 0.9, and

1.0.
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FIG. 5. The adsorptior]l“aﬁ of the colloid-polymer mixture at a hard wall as a function of the average colloid packing fraegipn

Simulation results for polymer reservoir packing fractiquo (open trianglel 17[):0.2 (open circley and 7;[):0.4 (open squargsare

compared with results from DFTsolid lines and SPT(dashed lings The DFT results forn[)zo are omitted for clarity(a) Colloid
adsorption for size ratig=0.6; (b) polymer adsorption fog=0.6; (c) colloid adsorption forg=1; (d) polymer adsorption fog=1.

method, and of Henderson and van Swol using the pressute 0.545. Fory) > 7];) it @ fluid-fluid coexistence region ap-
tensor method28]. The agreement between simulation andpears where t’l)*ne system demixes in a colloidal liquid phase,
density functional theoryDFT) [14,42] is remarkably good. rich in colloids and poor in polymers, and a colloidal gas
The scaled particle theoBPT) [14] overestimates the wall- phase, that is poor in colloids and rich in polymers. The
fluid tension at high density. This is due to the inaccuracy oftriple point, where the gas, the liquid, and the solid are in
the SPT equation of state. Better results can be obtainecbexistence, is located at;,’mple:G. For 7/[)> n;),tripler the
combining the SPT equation for the interfacial tension andluid-fluid coexistence region disappears, and a wide crystal-
the Carnahan-Starling equation of state as explained in detdilid coexistence region appears. The overall phase diagram
in Ref.[27]. is analogous to that of simple fluids upon identifyinbwith

We now determine the wall-fluid interfacial tension for the inverse temperature. Despite differences near the critical
AOV colloid-polymer mixtures of size ratigq=0.6 andq point, DFT and simulations results are in good agreement for
=1 for different values of the polymer reservoir packing frac-state points at;,>1.5. In Fig. 4a) and Fig. 4c) we show
tion 7;; and of the colloid packing fractiom,. The addition the wall-fluid tension for state points below the gas-liquid
of nonadsorbing polymers to a colloidal suspension of hardritical point for size ratiag=0.6 andg=1, respectively. For
sphere can induce a phase separation. In Fig. 3 we show tlsemparison, we also plot the results for pure hard spheres
bulk phase diagram for size ratgp=1 from previous simu- (nL:O). The addition of nonadsorbing polymers to a suspen-
lations [17] in the (n[),nc) representation. For comparison, sion of hard-sphere colloidse., increasingyg) increases the
we also plot the phase diagram obtained from free volumevall-fluid interfacial tension. Fom,=0, the wall tension is
theory, which is equivalent to our DFT phase diagrdr].  the work done to introduce an impenetrable wall in an ideal
At 7;;,=O we find the freezing transition of the pure hard-gas of polymers divided by the total are@y(7.=0)
sphere system with packing fractiong~0.494 and7  =pP%,/2, wherepP=pl is the bulk pressure of the ideal
=0.545 for the coexisting fluid and solid phases, respecgas of polymer andr,/2 is the thickness of the depletion
tively. The critical point is estimated to be af,.,=0.86, layer of the polymer at the wall. For smajt, the slope of
while DFT, equivalent to the free-volume theory predictsthe tension is smaller than in the hard sphere case and for
Ty erit = 0-638. Form, <77, .., there is a stable fluid phase for 7,>=0.4 it is negative. This is due to the attractive interac-
7.<0.494, a fluid-solid coexistence region for 0.494. tion that arises between the colloidal particles and the walls.
<0.545, and a stable solid phasé&c crysta) for 7, For large 7. the interfacial tension approaches that of pure
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FIG. 6. Typical snapshots of the colloid coordinates, obtained from Monte Carlo simulations based on the exact effective one-component
Hamiltonian for the colloids, of the liquid-gas interface of the model colloid-polymer mixture with sizegaticand(a) polymer reservoir
packing fractionz,=0.95;(b) 7,=1.05;(c) 7,=1.4;(d) 7,=2.

hard spheres as at high colloid density the number of polyloids increases; the colloids are attracted at the hard wall by
mers in the mixture rapidly approaches zero. Simulations anthe depletion interaction. As shown by the polymer adsorp-
DFT are in good agreement for all state points that we contion, the increase in the number of colloidal particles at the
sidered. The SPT predicts correctly the valugyatO, butit  walls is followed by a decrease of the number of adsorbed
systematically overestimates the wall-fluid tensions for allpolymers while increasing the total number of polymers in
values of 7,>0. One can show that the low, expansion the system. The agreement between simulations and DFT is
violates an exact wall sum ru[é8]. The deviation increases good. This is not surprising since the DFT is known to pro-
with increasingn;,. In Fig. 4(b) we show the results for size vide an accurate description of the colloid-polymer mixture
ratio q=0.6 for state points that are at highg} than the at a planar hard wall3]. The SPT equations reproduce the
DFT gas-liquid critical point. We did not calculate the bin- 7.=0 limit correctly. For .# 0 the essential features are
odal with computer simulation, but the system was still in thereproduced but with low accuracy. We also note that the
one phase region of the phase diagram#p=0.5 and 0.6. differences in SPT are larger for increasing polymer reservoir
For comparison, we also plot the results from DFT and SPTpacking fraction and for size ratig=0.6. The SPT perfor-
Note that DFT results are only shown in the stable gas anthance is worse when the number of polymer in the mixture
liquid regimes and are hence disconnected from each otheg relatively high compared to the number of colloids.
showing the biphasic region at intermediajg In Fig. 4(d)
we show the results for the size ratip=1 for state points
that are at highemg than the DFT gas-liquid critical point.
For small 7, the SPT fails to reproduce the slope of the In this section we present results on the liquid-gas inter-
curves, due to the absence of colloid correlatiagering  facial tension of AOV colloid-polymer mixtures of size ratio
near the hard wall in SPT theory. g=1, using three independent simulation techniques ex-
plained above. First we use the scaling of the interfacial
_ width. Figure 6 shows typical snapshots of the liquid-gas
B. Adsorption at a hard wall interface for 7,=0.95, 1.05, 1.4, and 2.0. One observes
In this section we present results on the adsorption oflearly that the difference in densities of the two coexisting
colloids and polymer at a hard wall. We compare the simuphases increases with increasw[g Moreover, the liquid-gas
lation results with those from DFT and SPT, E¢8) and interface becomes sharper upon increaa'p:;gThe interfa-
(10). In Figs. %a) and Fb), we show the results on the col- cial order paramete¥(z) is determined and fitted to an error
loidal adsorption while in Figs.(6) and d), we show the function to extract the interfacial width. In Fig. 7 we plot the
results on polymer adsorption for size ratjg 0.6 andq=1, square of the interfacial width as a function of the logarithm
respectively. We notice that increasing the number of poly-of the lateral dimensioh. Employing a linear fit to our data
mer in the systenti.e., increasingy,) the adsorption of col- and using Eq(44), we determineyy. In Fig. 8a) and Fig.

C. Liquid—gas interfacial tension
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FIG. 7. The squared width of the liquid-gas interface of the
model colloid-polymer mixture with size ratiq=1 for polymer
reservoir packing fractions;;):o.gs,1.05,1.4,Zfrom top to bot-
tom), as a function of the logarithm of the lateral dimension of the
interface. Symbols denote simulation results, lines indicate linear
fits to the data. «

8(b) we plot the liquid-gas interfacial tension as a function of
7n- 17? and né), respectively. We determine the colloid densi-

ties 5, and 7 at coexistence from the measured density pro-

file pc(2).

Then in the second method we determined the probability 0 . . .
distributions P(Nc)|zc,77r for 7,=0.9, 1.05, 1.15, 1.5, 2.0, 3.0, 0 .
and 4.0 in a cubic simulation box of lendtk=7,8,9,10, and
11. We show ther p_robgblllty distribution for box length FIG. 8. The reduced liquid-gas interfacial tensi,Blyag of the
=10 for varying 7, in Fig. 9. We observe clearly that the n,,4e colloid-polymer mixtures with size ratip=1. Open squares
density jump at coexistence ang,, i.e., the difference of genote simulation results from the capillary wave method. Filled
the maxima and minimum, increases Wﬁb We determined  squares indicate simulation results using the probability distribution
Mg for an infinite system by plottingyg; as a function of  method. Open circles refer to simulation results employing the dif-
1/L? in Fig. 10 and extrapolating, — , according to Eq. ferencey,q— yw- The solid curves indicates the DFT results. The
(51). Again, we plot the liquid-gas interfacial tension as astar indicates the position of the critical poinf,=0.86, obtained
function of n'c—ng and 7];) in Fig. 8@ and Fig. &b), respec- from simulations.(a) As a function of the difference in gas and

tively. We determined;? and 77'C at coexistence from liquid packing fractionsy.— 79 at coexistence(b) As a function of
3 (N the polymer reservoir packing fractiov[), at coexistence. The inset
g_ 2moy ¢ N. P(N d shows the data close to the critical point on an enlarged scale.
e = 6 ¢ P( c)|z(’:,17;J N,
0

densities were previously determined in Gibbs ensemble
. Zmrafw simulations(see Fig. 3 We stress that the results obtained
(

77_ C
¢ 6

" Ne P(Nc)|zg,n[,ch' (53) on the basis of Young's equation should be taken with great
c care, as the wall-gas tension in our simulations were ob-
where the factor 2 arises from the normalizati@Y). Fi- tained from a gas phase in contact with a planar hard wall,
nally, we also employed Young's equation to obtain an estiwhich is a metastable state with respect to the equilibrium
mate fory,. Dijkstraet al.[17] studied the wetting behavior state of a macroscopic wetting layer adsorbed at the gas-wall
of AOV model colloid-polymer mixtures using computer interface.

simulations. From measuring adsorption isotherms they con- However, DFT results show that the contact angle differs
cluded that the colloidal liquid phase wets the wall com-only less than few a percent when the metastable gas-wall
pletely upon approaching the gas branch of the gas-liquidlensity profile is employed instead of the stable density pro-
bulk binodal for values of;7L< 1.05. In this region the con- file that includes the wetting layer. In Fig(s88 and Fig. &b)

tact angle vanishes angy=(y.,q~ yw), Wherey,q andy,  we plot the differencey,q—yy for 7;[;0.935,0.977,1.14,
are wall-fluid tensionsy,; computed at the liquid-gas coex- and 1.25. Comparing the results obtained gy from the
istence. We hence carried out simulations of the wall-fluidthree different routes, we find good agreement. The agree-
tension for state points at coexistence below the wetting tranment with DFT results is good for high values dg— 72 and
sition point: 77,=0.935, and 0.977 and also slightly above the,, but deviates close to the critical point, as might be ex-
wetting transition point:nL:1.14 and 1.25. The coexisting pected. Similar deviations were found fgg, by Vink et al.
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FIG. 10. The system size dependence of (dmaled liquid-gas
interfacial tension@wglaﬁ of a colloid-polymer mixture with size
ratio g=op/0=1 in a cubic box with volume/:L30§ at varying

polymer reservoir packing fraction[)=0.9, 1.05, 1.15, 1.5, and 2.0
(from bottom to top. The dashed lines are least-squares linear fits.

FIG. 9. Logarithm of the probabilitf?(N.) (not normalized, as
P(0) is taken to be )Lof finding N, colloids with diametewr for a
colloid-polymer mixture with size ratig=1 in a cubic box with
volume V= 100073 at varying polymer reservoir packing fraction
77;,:0.9, 1.05, 1.15, 1.5, and(®om top to bottom, as a function of

1. All state points are at coexistence. ) o . . .
might expect a similar agreement for the interfacial tension.

We found that our simulation results fof, approaches the
DFT results upon increasinq) and agree well with the DFT
results only forn[)>3. Close to the critical point, deviations
are found between the simulation and DFT results as ex
V. CONCLUSIONS pected due to the shift in critical point.

The good agreement of our simulation results for wall-

using the probability distribution method in simulation of the
full mixture for size ratiog=0.8[22].

In conclusion we investigated the wall-fluid tension of the , . . T : . .
AOV model colloid-polymer mixtures of size ratiq=0.6 fluid and fluid-fluid interfacial tensions with those of the

andg=1 using Monte Carlo computer simulations. We usedPF T hint at a reliable description of the magnitude of contact

a thermodynamic integration method and a shoulder pote gngle of the colloidal qu_uid-gas inte_rface_and a hard wall
tial approximation for the hard-core potentials to determin 13]. Nevertheless, carrying out detailed simulations at bulk
csoeX|stence in thénumerically very demandingartial wet-

the free energy of the bulk system and the inhomogeneou& : ] P int NG | for fut K
system. The wall-fluid interfacial tension is the surface ex-ng regime oriargey, IS an Interesting 1ssue for future work,

iR particular in light of the fact that the contact angle can be

the DFT results. The SPT wall-fluid interfacial tension is in measured in a diredthough not easyway in experiments

overall agreement with simulations, but the comparison i£7_,9,1(]. Furthermore our thermodynamic integration tech-

worse for increasing polymer reservoir packing fraction. Wen;qute IIS Wriljl ﬁuged IO d:etgirrr:The Teh frie engrgﬁ/ ST cronfflner(]j_
also investigated the colloid and polymer adsorption of th({f ystals and hence 1o predic ) € tull phase behavior of co
ined colloid-polymer mixtures; work along these lines is in

colloid-polymer mixture at a planar hard wall and we found . . . : .
good agreement with DFT results. We derived a SPT expresQrOgress' Finally we mention that |nterfaC|a}I propertlt.as at
sion for the adsorption of colloid polymer mixtures at a hardcurV(.Ed substrateg have attracted _recent_ |nte[99t5q,
wall. The expression reproduce the essential features of th%ollmd—polymer mixtures are well suited to investigate such
adsorption, but with low accuracy. In addition, we studieds'tuat'ons[lo]'
the liquid-gas interfacial tension of the AOV model colloid-

polymer mixtures of size ratiq=1 using(i) the dependence

of the interfacial width on the logarithm of the lateral size of We thank R. Evans, R. Roth, R. Vink, J. Horbach, K.
the simulation box as predicted by the capillary wave theoryBinder, H. Léwen, R. van Roij, D. Aarts, and H. Lek-
(i) the probability distribution method, andii) Young's  kerkerker for useful discussions. This work is part of the
equation in the complete wetting regime. We find remarkablyresearch program of tHatichting voor Fundamenteel Onder-
good agreement between the different sets of results. Morezoek der Materi¢FOM), that is financially supported by the
over, as we used the effective one-component simulations iNederlandse Organisatie voor Wetenschappelijk Onderzoek
the probability distribution method, we were able to investi-(NWO). We thank the Dutch National Computer Facilities
gate the interfacial tension for higb{). As the bulk binodal foundation for access to the SGI Origin 3800 and SGI Altix
from DFT, equivalent to that of free-volume theof¥1], 3700. Support by the DFG SFB TR6 “Physics of colloidal
agrees well with the simulation results foy’p> 1.5, one dispersions in external fields” is acknowledged.
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