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...from the same principles, I now demonstrate the frame of the System of
the World.
Isaac Newton ([17])

As time goes on, it becomes increasingly evident that the rules which the
mathematician finds interesting are the same as those which Nature has
chosen.

Paul Dirac at age 36, ([13])



Abstract

The Orbit Method is a method to determine all irreducible unitary represen-
tations of a Lie group. It is entangled with its physical counterpart geometric
quantization, which is an extension of the canonical quantization scheme to
general curved manifolds. The main ingredient of the Orbit Method is the
notion of coadjoint orbits, which will be explained. Coadjoint orbits of a Lie
group have the natural structure of a symplectic manifold, as does the phase
space of a classical mechanical system. Naturally, geometric quantization
will be treated next, since it attempts to provide a geometric interpretation
of quantization within an extension of the mathematical framework of classi-
cal mechanics (symplectic geometry). In particular, the axioms imposed on
a quantization will be discussed. Finally, as an application, coadjoint orbits
and geometric quantization will be brought together by indicating how to
determine the irreducible unitary representations of SU(2) by means of the
Orbit Method.
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1 Conventions and notation

-Today’s shocks are tomorrow’s conventions.-
Carolyn Heilbrun ([15])

Although sometimes the notation used is already explained in the thesis
itself, the total amount of notation introduced is quite big. Therefore, this
section serves as a handy overview of (often) used notation troughout this
thesis. Furthermore, the conventions used will be given.

Notation:

K: the field of either the real or complex numbers.

U = {U;}ica: an open cover of a manifold. Here A denotes some index set.
S?: the two-dimensional sphere.

(M,w): a symplectic manifold M with symplectic 2-form w.

(M, J,w): a Kéhler manifold M with symplectic 2-form w and complex struc-
ture J.

T,,M: the tangent space of a manifold M at the point m € M.

TM: the tangent bundle of a manifold M.

T*M: the cotangent bundle of a manifold M.

QF(M): the set of k-forms on a manifold M.

Vect(M): the set of vector fields on a manifold M.

Vect(M; P): the set of vector fiels X such that X|,, € P, for every m € M.
Here P denotes a polarization.

End(X): the set of endomorphisms of a mathematical object X.

Aut(X): the set of automorphisms of a mathematical object X.

Mat(n, K): the group of invertible n x n-matrices with entries in K.
GL(V): the group of invertible, linear transformations on a vector space V.
C*>*(M,K): the space of either real or complex-valued functions on a mani-
fold M.

C>®(M,K; P): the functions in C*°(M, K) whose flow leaves the polarization
invariant.

L?(M,C): the space of square-integrable, smooth, complex-valued functions
on a manifold M.

P(M): the space of polynomials on an manifold M.

P,(M): the space of homogeneous polynomials of degree n on an manifold
M.

['x(M): the set of smooth sections over a real manifold M of a line bundle
X.

h,: the push-forward corresponding to the diffeomorphism h : M — N with
M, N manifolds.



h*: the pull-back corresponding to the smooth map h : M — N with M, N
manifolds.

exp: the exponential map.

g: the Lie algebra of a Lie group G.

Id: the Identity map.

m = (m,V): a representation of a Lie group G in a vector space V.

7 = (7%, V*): the representation dual to 7 in the dual space V*.

VC: the complexification of a vector space V.

TMC: the complexified tangent bundle. TM® = H (T, M)E.

meM
V*. the dual of a vector space V.

Ad: the adjoint representation.

Ad™: the coadjoint representation.

ad: ad = T, Ad.

ad™: ad"(X) = (—ad(X))* for X € g.

Xy: a Hamiltonian vector field corresponding to a real scalar function f.
L,: the Lie derivative along a vector field v.

V: the connection.

[,]: the Lie bracket.

{, }: the Poisson bracket.

(,): evaluated on a linear functional f in the first slot and a vector v in the
second slot it denotes the value of the linear functional f on the vector v.
Otherwise, it denotes the inner product.

CP(U,R): the set of p-cochains corresponding to real, locally constant func-
tions. Here U denotes an open covering of a manifold M.

ZP(U,R): the set of p-cocycles corresponding to real, locally constant func-
tions. Here U denotes an open covering of a manifold M.

HP(U,R): the pth Cech cohomology group with coefficients in R. Here U
denotes an open covering of a manifold M.

HP(M,R): the pth de Rham cohomology group of a manifold M with coef-
ficients in R.

Conventions:

Skew symmetrization: T4l = }% > sign(o)To@ob)-o(e),

where T is a p-index tensor and the summations are over all permutations
of a,b, ..., c.

Interior product: i(X)w = kw(X,...) for a vector field X and w € QF(M),
where M denotes a manifold.



2 Introduction

- When one looks back over the development of physics, one sees that it can
be pictured as a rather steady development with many small steps and su-
perposed on that a number of big jumps. These big jumps usually consist in
overcoming a prejudice... And then a physicist has to replace this prejudice
by something more precise, and leading to some entirely new conception of
nature.-

Paul Dirac on Quantum Theory ([13])

At the macroscopic level our world seems to be pretty much gouverned by
the laws of classical physics, that is, by Newtonian mechanics on the one
hand and by Maxwell theory on the other. Newtonian mechanics describes
the motion of particles under the influence of forces acting on them. Maxwell
theory covers almost the entire spectrum of phenomena occuring in electro-
magnetism and optics. The in these two theories is governed by deterministic
equations of motion and it is possible, given the initial conditions, to predict
the results of measurements on the system at any later time.

At first sight, classical physics could thus provide us with a very satisfactory
description of the world we live in. However, it fails to give an explanation
for a number of phenomena observed at the microscopic level and, moreover,
is in plain contradiction with experimental evidence.

As an illustration of what these phenomena are and what they may be try-
ing to tell us about a theory which will have to replace classical physics, we
mention two examples. The first is regarding the stability of atoms. From
scattering and other experiments it had been deduced that atoms consist of a
tiny positively charged nucleus orbited at quite some distance by negatively
charged point-like particles, the electrons. Classical physics would predict
such structures to collapse within fractions of a second, in contradiction with
the stability of the world around us: orbital motion is accelerated motion,
and according to Maxwell theory accelerated charges emit radiation; conse-
quently, the electron would radiate away energy and spiral into the nucleus
of the atom. It was also observed that simple atoms (like hydrogen) were
able to adsorb and emit energy only in certain discrete quantities. Com-
bining these two observations it thus appeared to be necsesary to postulate
the existence of stable orbits for electrons at certain discrete radii (energy
levels). This suggests that at the microscopic level, as opposed to in classical
physics, nature allows for a discrete (or quantized) structure.
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The second example is the set of experiments related to the nature of light.
On the one hand, there is the famous double-slit experiment which inves-
tigated the diffraction and interference patterns of beams of particles like
electrons. The experiment is depicted in figure 1 (from [11]). It indicated

S1

S2 -

Figure 1: The double-slit experiment. A single photon (being a probability wave) departs
from slit a in plate S1. When the wavefront reaches slits b and c in plate S2 it creates two
new probability waves, one emerging from slit b and one from slit ¢. The single photon
will show up on the detector screen F (at say d) according to the net probability values
resulting from the co-incidence of the probability waves coming by way of the two slits b
and c.

that under certain circumstances particles (like electrons) can show inter-
ference patterns and thus wave-like nature. On the other hand, Einstein’s
interpretations of the photo-electric effect made clear that light showed be-
haviour characteristic of particles and not of waves. In the words of the great
Dirac (see [12, p.3]),

‘We have here a very striking and general exzample of the breakdown of clas-
sical mechanics - not merely an inaccuracy of its laws of motion, but an
inadequacy of its concepts to supply us with a description of atomic events.’

Furthermore, the outcome of these experiments appeared to depend on the
measuring process itself, i.e. whether or not one was checking through which
slit the electron went. This, for the first time, implied that in order to de-
scribe a system the effects of observation of that system had to be taken into
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account. In particular, it implied that one cannot make any observations on
a suitably ‘small’ system without perturbing the system itself (expressed in
the uncertainty principle).

Heisenberg and Schrodinger provided two mathematical models, later shown
to be equivalent, which were able to reproduce the above results and make
many other succesfully tested predictions. These models, collectively known
as quantum mechanics , describe the quantum behaviour of particles in
flat space under the influence of external forces. Supplemented by some
interpretation of, roughly speaking, the role of the measuring process or ob-
server, they constitute a major step forward in the understanding of quantum
physics in general.

However, at the conceptual level the situation was not satisfactory. In partic-
ular, it was not clear how general the proposed models were, which features
were to be regarded as fundamental to any quantum version of a classical the-
ory and which were to be attributed to particular properties of the systems
considered so far. To gain some insight into this question, it was in particular
Dirac who emphasized the formal similarities between classical and quantum
mechanics and the necessity of properly understanding these. Abstracting
from the analogy found between classical mechanics and Schrodinger and
Heisenberg quantum mechanics, Dirac formulated a general quantum condi-
tion, a guideline for passing from a given classical system to the correspond-
ing quantum theory. This process in general is known as quantization .
Roughly speaking, quantization consists of replacing the classical algebra of
observables (smooth functions on phase space) by an algebra of operators act-
ing on some Hilbert space, the quantum condition relating the commutator
of two operators to the Poisson bracket of their classical counterparts:

Poisson Brackets — Commutators.

At first sight, the very concept of quantization appears to be ill-founded
since it attempts to construct a ‘correct’ theory from a theory which is only
approximately correct. After all, our world is quantum, and while it seems
a legitimate task to try to extract classical mechanics in some limit from
quantum mechanics, there seems too little reason to believe that the inverse
construction can always be performed:

Classical limit: Quantum mechanics = Classical mechanics

.
Quantization: Quantum mechanics <= Classical mechanics.
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Furthermore, there is no reason to believe that such a construction would
be unique as there could well be (and, in fact, are) lots of different quantum
theories which have the same classical limit. Unfortunately, however, it is
conceptually very difficult to describe a quantum theory from scratch, with-
out the help of a reference classical theory. Moreover, there is enough to the
analogy between classical and quantum mechanics to make quantization a
worthwile approach. Perhaps, ultimately, the study of quantization will tell
us enough about quantum theory itself to do without the very concept of
quantization.

Unfortunately, Dirac’s quantum condition is not as general as one might
have hoped it to be, or, at least, not sufficiently unambiguous (see, [12]).
Thus, it is desirable to find a more intrinsic and constructive description of
this quantization procedure. This is the aim of geometric quantization
which attempts to provide a geometric interpretation of quantization within
an extension of the mathematical framework of classical mechanics (symplec-
tic geometry).

Geometric Quantization is the physical counterpart of the Orbit Method
. The Orbit Method is a method to determine all irreducible unitary repre-
sentations of a Lie group. This is useful, since representation theory remains
the method of choice for simplifying the physical analysis of systems poss-
esing symmetry. The main ingredient of the Orbit Method is the notion of
coadjoint orbits. What is so special about coadjoint orbits is that they have
the natural structure of a symplectic manifold, as does the phase space of
a classical mechanical system. Indeed, Geometric Quantization is another
ingredient of the Orbit Method. That is why the Orbit Method brings the
ingredients Geometric Quantization and the notion of coadjoint orbits to-
gether in a beautiful way. The idea behind it is to unite harmonic analysis
with symplectic geometry. This idea can be considered as a part of the more
general idea of the unification of mathematics and physics.
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3 Vocabulary

-The golden age of mathematics, that was not the age of Euclid, it is ours.-

C.J. Keyser (]16])

To study the orbit method, a good knowledge and understanding of the
language of manifolds, Lie groups and representation theory is essential. For
this reason this section states the most important definitions and results
related to these subjects. In this way the exposition of the orbit method is
made as self-contained as possible. The reader can therefore view this section
as a dictionary and look back at important definitions whenever necessary.
It begins with manifolds, continues with listing some morphisms, then treats
Lie groups and Lie algebras and ends with some basic theory about actions
and representations. This section would not have been possible without the
lecture notes [3] and [10].

3.1 The language of manifolds

Definition 3.1.1. A k-smooth n-dimensional manifold is a topological
space M that admits a covering by open sets U,, a € A, endowed with one-
to-one continuous maps ¢, : Uy, — V,, C R" so that all maps ¢ 3 = ¢4 © gbgl
are k-smooth (i.e. have continuous partial derivatives of order < k) whenever
defined.

We call the manifold M smooth when all the maps ¢, g are infinitely differ-
entiable.

The following terminology is used:
e the sets U, are called charts;

e the functions z!, = 7 o ¢, are called local coordinates. Here {x'};<;<,
are the standard coordinates in R";

e the functions ¢, g are called the transition functions;
e the collection {U,, ¢4 }aca is called the atlas on M.

A given topological space M can be endowed with several different atlases
satisfying all the requirements of the definition. Should the corresponding
objects be considered as different or as the same manifold? To clear this up,
we introduce
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Definition 3.1.2. Two atlases {U, }aca and {U/;}BGB are called equivalent
if the transition functions from any chart of the first atlas to any chart of the
second one are k-smooth (whenever defined). The structure of a smooth
manifold on M is an equivalence class of atlases.

Remark 3.1.1. When dealing with a smooth manifold, we usually follow a
common practice and each time use only one, the most appropriate, atlas,
while keeping in mind that we can always replace it by an equivalent one. In
practical computations people usually prefer minimal atlases. For example,
for the n-dimensional sphere S™ and for the n-dimensional torus 7" there
exist atlases with only two charts.

The following definition tells us when a subset of a (C*-)manifold is a
(C*-)manifold itself.

Definition 3.1.3. Given a C*—manifold NV of dimension n, then we say that
a subset M C N is a C*-submanifold of dimension m if M can be covered
by charts (U, ¢) of N with the property that M N U = ¢~ (R™ x {0}). (If

k = oo we will also call this a smooth submanifold.)

Hence we must have m < n and R” is written as R™ x R"™™. Coming to the
geometry of manifolds, the following notion is essential:

Definition 3.1.4. A vector bundle over the manifold M (called the base
manifold) is a real manifold X (called the total space) together with a
smooth map pr : X — M (called the projection) such that

(VB1) For each m € M, X,,, = pr—!(m) is a vector space over K of constant
dimension 7 (X,, is called the fibre over {m} and r is called the fibre
dimension),

(VB2) For each my € M, there is a neighbourhood U € mg in M together
with a diffeomorphism 1 : U x K" — pr~!(U) such that
V|m : {m} x K" — X,, is a linear isomorphism for each m € U (the
pair (U, ) is called a local trivialization).

In the definition above M is a n-dimensional real manifold and K denotes
the field of either the real or complex numbers. A map s : U C B — X is
called a section of a vector bundle X if pro s = Id.

The most important example of a vector bundle is the tangent bundle TM. It

was the source of the whole theory of vector bundles. In order to understand
what the space TM is we first introduce an auxiliary definition. A Curve
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at m € M is a smooth map ~ from an open neighbourhood of 0 in R to M
with 7(0) = m. On the collection of curves at m we define an equivalence
relation: v, = 7, if for a chart U at m and the corresponding diffeomorphism
a, a o~y and « o v, have the same derivative in 0. The equivalence class of
v relative to this equivalence relation will be called the derivative of v at
0 and will be denoted by 54(0). This relation is independent of the choice of
U. This leads us to the following definition:

Definition 3.1.5. A tangent vector of M at m is the derivative at 0 of a
curve at m. The collection of tangent vectors of M at m is the tangent space
of M at m and will be denoted by T,,, M. The union TM = J T,,M is
called the tangent bundle .

meM

The union T'M forms a vector bundle over M with the projection pr that
maps all elements of T,, M to m: Indeed, let (U, ¢), with U C M, be a local
chart with coordinates (z!, ..., ™). First of all, T}, M is a vector space. How
is addition and scalar multiplication defined on this vector space? If we take
two curves y(t) and §(t) trough m with v(0) = 5(0) = m, then adding them
or multiplying them by a scalar need not produce a curve in M. However,
we can add these curves, using the chart ¢, as follows:

(1) Addition: (v+7)(t) = ¢~ ((6(7(1))) + ¢(7(1)))

(2) Scalar multiplication: (A\y)(t) = ¢~ (Ap(7(1))) (X € R)

Taking the derivatives of v 4+ 4 and Ay at the point 0 € R will, by the chain
rule, produce the sum and scalar multiples of the corresponding tangent vec-
tors (see also [30]). Furthermore, any tangent vector a € T,,, M can be written
as a = a0, where a* = a*(z) are numerical coefficients and 9, = 9/02* de-
notes the partial derivative. So the set pr=!(U) is identified with U x R™. Tt
is by definition a local chart on TM with coordinates (z?,..., 2" a', ..., a").
This proves the claim.

The smooth sections of T'M are called smooth vector fields on M. We
denote the space of all smooth vector fields on M by Vect(M).

The second important example of a vector bundle is the so-called cotangent
bundle.

Definition 3.1.6. Given a manifold M, then the cotangent space of M
at m € M is the dual T, M of the tangent space T,,M. The cotangent

bundle of M is the dual of the tangent bundle and is denoted by T*M. A
differential 1-form on M is a section of its cotangent bundle.

We denote the space of all smooth differential 1-forms on M by Q'(M), which
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is dual to Vect(M). Locally, we can write a differential 1-form as the expres-
sion w = w;dz’ for some chart U, where {dz'},<;<, forms the basis of Q'(U)
dual to the basis {0; }1<i<n of Vect(U).

The space QF(M) of smooth differential k-forms on M can be defined
can be defined as the k-th exterior power of Q'(M). In a local coordinate
system a k-form w looks like

w= Z Wiy (2)dT™ A N da' (1)

.....

where all indices i5, 1 < s < k, run from 1 to n and the wedge product is
bilinear, associative, and anti-symmetric.

We will now define the exterior derivative . The exterior derivative d
is the unique R-linear mapping from k-forms to (k + 1)-forms satisfying the
following properties:

(1) df is the differential 1-form of f for smooth functions f.
(2) Flatness: d o d = 0.

(3) Leibniz rule: d(aA f) =da A S+ (—1)P(aA df) where « is a differential
p-form.

We will end this subsection with a very important object in differential geom-
etry, which is the Lie derivative L. Let M be a manifold. Three particular
cases of the Lie derivative are:

(a) The ordinary directional derivative v - f of a real smooth scalar function
f+ M — R along the vector field v is just L, f;

(b) The so-called Lie bracket of two vector fields v, w € Vect(M) is
[v,w] = Lyw = —L,v;

(c) For a general differential k-form w the Cartan formula holds:
Lyw = i,dw + d(i,w) where i, is the interior multiplication, that is,
it is the map i, : Q¥(M) — QF1(M) which sends a k-form w to the
(k — 1)-form i,w defined by the property that
(1yw) (V1 oy V1) = wW(V, V1, ..., V1) for any vector fields vy, ..., v_1.

The Lie derivative acting on differential k-forms (case (c¢)) has some particular
properties. In order to quote them we first need to define an auxiliary notion.
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Definition 3.1.7. A flow on a manifold M is a smooth map H : RxM — M
with the property that if H; : M — M is defined by H,(p) = H(t,p), then
Hy is the identity map and H H; = H,,, for all s, € R.

You may think of a flow in the definition above as a fluid in motion which
does not change in time (the map in the definition above then describes how
a given fluid particle moves in time). The orbit of a point p € M is the image
of the map 7, : R = M ~,(t) = H(t,p). The orbit map ~, defines a tangent
vector 4,(0) € T,M. In the physical situation of a fluid in motion this can
be interpreted as the velocity of the particle at p. By letting p vary, we get
a vector field on M. We call this vector field the infinitesimal generator
of the flow and denote it by %—[Z{{ o

We now quote without proof three properties satisfied by the Lie derivative
acting on differential k-forms.

Theorem 3.1.1. The Lie derivative £ obeys the following three properties.
(1) commutation with d: dCy = Ly d,

(2) Leibniz rule: if a, 8 € Q%(M), then
Ly(aAp)=Ly(a)NL+anLy(p),

(3) Infinitesimal pull-back: if V' is the infinitesimal generator of a flow
H on M, then for every k-form o on M,

0 *
E‘tzo Hiao= Lyao.

3.2 Structure-preserving maps (morphisms)

The notion of morphism (structure-preserving map) plays a central role in
many modern branches of mathematics. In this thesis, treating a subject in
mathematics and physics, this notion is dominantly present. In particular, in
the process of quantization we want to preserve as much structure as possible,
when going from classical to quantum physics. The general study of mor-
phisms and of the structures (called objects ) over which they are defined is
treated in category theory . Much of the terminology of morphisms, as well
as the intuition underlying them, comes from concrete categories, where the
objects are simply sets with some additional structure, and morphisms are
functions preserving the structure. For the purposes of this thesis it suffices
to define some particular, often used, types of morphisms. From the context
it should always be clear what the mathematical objects under consideration
are. Giving the abstract definition of morphism from category theory is un-
necessary here and would only distract the reader from the main goal. This
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subsection is therefore an enumeration of the concrete types of morphisms
used in this thesis and their definitions.

We start with:

Definition 3.2.1. (Homomorphism)

Given are two groups (G, %), (H, ). A Homomorphism from (G, %) to (H, -)
is a function h : G — H such that for u,v € G it holds that

h(u*v) = h(u) - h(v).

From this definition follows:

e 1 maps the unit element e of G to the unit element ey of H. Namely:
h(eg) = h(eg x eq) = h(eg) - h(eg) = h(eg) = eq.

e h maps inverses to inverses. Namely:

h(u) - h(u™) = huxu™t) =hleg) = eg = h(u™t) = h(u)™L.

We say that h is compatible with the group structure. In general, the def-
inition of homomorphism depends on the type of algebraic structure under
consideration. The common theme is that a homomorphism is a function
between two algebraic objects that respects the algebraic structure. Let us
now define:

Definition 3.2.2. (Isomorphism)
An Isomorphism is a bijective map f such that both f and its inverse f—*
are homomorphisms.

Definition 3.2.3. (Endomorphism)

An endomorphism is a morphism from a mathematical object to itself.
An endomorphism of a vector space V is a linear map f : V — V. An
endomorphism of a group G is a homomorphism f : G — G.

Definition 3.2.4. (Automorphism)

An automorphism is an endomorphism which is also an isomorphism. In
case the mathematical objects are groups an automorphism is simply an
isomorphism from the group to itself. In case the mathematical objects are
vector spaces an automorphism is an invertible linear map from the vector
space to itself.

The set of all automorphisms is a subset of End(X ), which denotes the set of
all endomorphisms of a mathematical object X, with a group structure, called
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the automorphism group of X and denoted by Aut(X). The definitions
and their relations are summarized in the diagram below:

automorphism ——  isomorphism

l |

endomorphism —— (homo)morphism.

Here an arrow denotes implication.

We finally define:

Definition 3.2.5. (Diffeomorphism)

Given two manifolds M and N, a bijective map f from M to N is called a
diffeomorphism if both f : M — N and its inverse f~! : N — M are differ-
entiable (if these functions are r times continuously differentiable f is called
a C"-diffeomorphism). A diffeomorphism is an isomorphism in the category
of smooth manifolds. Two manifolds M and N are (C"-)diffeomorphic if
there is an (7 times) continuously differentiable bijective map f from M to
N with an (r times) continuously differentiable inverse.

Two useful notions related to morphisms are the push-forward and pull-
back .

Push-forward: given a diffeomorphism h : M — N, then objects on M (such
as a function f: M — R or a vector field V : M — T'M) can be transfered
to N to give a corresponding object on N. This is called push-forward and
the transfering map is often denoted by h,. For instance, h,f = foh~! and
h,V =DhoVoh':N—TN.

Pull-back: similarly, the pull-back refers to transfering objects on N via h to
objects on M and is denoted by h*. This is in fact the push-forward of h~!.
The difference is however that a pull-back often makes sense when h only is
a C™°-map (without insisting that it is a diffeomorphism). For instance, the
pull-back of a function g on N is simply h*g = g o h.

3.3 Lie groups and Lie algebras

Definition 3.3.1. A Lie group is a smooth (C*) manifold G' equipped
with a group structure so that the maps p: G x G — G (x,y) — zy and
t:G — G x+ 27! are smooth.

We quote without proof (for the proof, see [3, p.6]):
Lemma 3.3.1. Let G be a Lie group, and let H C G be both a subgroup

and a smooth submanifold. Then H is a Lie group.
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Next we come to the concept of isomorphic Lie groups. Let G and H be Lie
groups.

(a) A Lie group homomomorphism from G to H is a smooth map
¢ : G — H that is a homomorphism of groups.

(b) A Lie group isomorphism from G to H is a bijective Lie group homo-
morphism ¢ : G — H whose inverse is also a Lie group homomorphism.

(c) A Lie group automorphism of G is a Lie group isomorphism of G
onto itself.

If 9 : G — H is a Lie group isomorphism, then ¢ is smooth and bijective
and its inverse is smooth as well. Hence ¢ is a diffeomorphism.

Before we define the exponential map we first need to define what left in-
variant vector fields are. A vector field v € Vect(G) is called left invariant if
(Iz)sv = v for all x € G, where [, is the translation map [, : G — Gy — xy,
which is a diffeomorphism. Equivalently, v is left invariant, when

v(zy) = Ty(l)o(y) (z,y € G). (2)

From the above equation with y = e we see that a left invariant vector field
is completely determined by its value v(e) € T.G. Now

Definition 3.3.2. The exponential map exp = exps : 1T.G — G is defined
by exp(X) = ax (1) where ax is the maximal integral curve with initial point
e of the left invariant vector field vx on G determined by vx(e) = X, i.e.

d

Sox(t) = vx(ax(?)). (3)

The following lemma, of which the proof can be found in for example
[3, p.16], states some properties of the exponential map and at the same
times justifies its name.

Lemma 3.3.2. For all s,t € R, X € T,G we have
(i) exp(sX) = ax(s)
(ii) exp((s +t)X) = exp(sX)exp(tX).

Moreover, the map exp: T.G — G is smooth and a local diffeormorphism at
0. Its tangent map at the origin is given by Tpexp= I .
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We now come to a very important application of the exponential map. The
proof of the lemma can be found in [3, p.17].

Lemma 3.3.3. Let ¢ : G — H be a homomorphism of Lie groups. Then
the following diagram commutes:

GLH

[ eanc B

.6 X% TH

We now define the notion of Lie algebra. Note that in general this definition
does not need to have any connection with Lie groups. However, the fact
that there is such a connection in specific cases will become clear in the next
section.

Definition 3.3.3. A real Lie algebra is a real linear space a equipped with
a bilinear map [-,-] : @ x a — a such that for all X,Y,Z € a we have

(1) [X,Y] = —[Y, X] (anti-symmetry)
(2) [X,[Y,Z]|+[Y,[Z,X]] + [Z,[X,Y]] = 0 (Jacobi-identity)
Note that:

e condition (1) may be replaced by the equivalent condition
(1) [Z,Z] =0 for all Z € a: without loss of generality we can assume
Z = X +Y. Then, using (1),
2,2 = [X +Y,X + Y] = [X, X] + [V, X] + [V, X] + [V, V] =
(X, Y]+ [V, X]|=[X,Y]-[X,Y]=0,
and the claim follows.

e In view of antisymmetry (1), condition (2) may be replaced by the
equivalent condition (2") [[X,Y], Z] = [X,[Y, Z]] = [V, [X, Z]]. Another
equivalent form of the Jacobi identity is given by the Leibniz type rule
XY, Z]] = [[X. Y], 2] + [, [X, Z]].

Definition 3.3.4. Let a, b be Lie algebras. A Lie algebra homomorphism
from a to b is a linear map ¢ : a — b such that

O([X, Y]a) = [0(X), o(Y)]s (4)
for all X, Y € a.
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3.4 Actions and representations

To understand what a representation is we first need some theory about
group actions.

Definition 3.4.1. Let M be a set and G a group. A (left) action of G on
M isamap a: G X M — M such that

(a) algi, algz,m)) = algige,m) (m € M, g1, 92 € G);
(b) a(e,m)=m (m e M).

Instead of the cumbersome notation o we usually exploit the notation g - m
or gm for a(g,m). Then the above rules (a) and (b) become:
g1 (g2-m) = (g1g2) - m, and e - m = m.

If g € G, then we sometimes use the notation a, for the map

m — a(g,m) = gm, M — M. From (a) and (b) we see that «, is a bijection
with inverse map equal to a;-1. Let Bij(M) denote the set of bijections from
M onto itself. Then Bij(M), equipped with the composition of maps, is a
group. According to (a) and (b), the map a : g — ¢, is a group homomor-
phism of G into Bij(M).

Remark 3.4.1. Similarly, a right action of a group G on a set M is de-
fined to be amap 8 : M x G — M, (m,g) — mg, such that meg = m and
(mg1)ga = m(g1g2) for all m € M and ¢y, go € G. Notice that these require-
ments on 3 are equivalent to the requirement that the map Y : Gx M — M
defined by 8Y(g,m) = mg~! is a left action. Thus, all results for left actions
have natural counterparts for right actions.

As a next step we concentrate on continuous actions. This is most naturally
done for topological groups.

Definition 3.4.2. A topological group is a group G equipped with a
topology such that the multiplication map p: G x G — G, (x,y) — zy and
the inversion map ¢ : G x G, x + 27! are continuous.

Hence it is important to note that a Lie group is in particular a topological
group.

Definition 3.4.3. Let G be a topological group. By a continuous left
action of G on a topological space M we mean an action o : G x M — M
that is continuous as a map between topological spaces. A (left) G-space is
a topological space equipped with a continuous (left) G-action.
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Sets of the form mG (m € M) are called orbits of the action . Note that
for two orbits m;G,msG either m;G = msG or miG N meG = (. Thus,
the orbits constitute a partition of M. The set of all orbits, called the or-
bit space , is denoted by M/G. Let us denote the canonical projection
M — M/G, m — mG by .

The orbit space X = M/G is equipped with the quotient topology. This
is the finest topology for which the map 7 : M — M /G is continuous. Thus,
a subset O of X is open if and only if its preimage 7~1(O) is open in M.

The action of G on M is called transitive if it has only one orbit, the
full manifold M. In this case the G-space M is said to be a homogeneous
space for G.

We are now ready to define a representation, a notion that is essential during
this thesis. In the rest of this subsection G' will always be a Lie group.

Definition 3.4.4. Let V be a locally convex space. A continuous repre-
sentation 7 = (m, V) of G in V' is a continuous left action 7 : G x V — V|
such that m(z) : v — 7(z)v = 7w(z,v) is a linear endomorphism of V', for
every x € G. The representation is called finite dimensional if dimV < oo.

Remark 3.4.2. If G is a group, and V a linear space, one defines a repre-
sentation of G in V similarly, but without the requirement of continuity.

We quote without proof (for the proof the reader is referred to [3, p.69]):

Lemma 3.4.1. Let (7, V) be a finite dimensional representation of G. If 7
is continuous, then 7 is smooth.

The next definition contains an important property of continuous represen-
tations.

Definition 3.4.5. Let 7 be a representation of GG in a linear space V. By
an invariant subspace we mean a linear subspace W C V such that
w(x)W C W for every x € GG. A continuous representation 7 of G in a
complete locally convex space V is called irreducible , if 0 and V' are the
only closed invariant subspaces of V.

Besides, the notion of a representation of a Lie group there also exists the
notion of a representation of a Lie algebra.
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Definition 3.4.6. Let g be a Lie algebra. A representation of g in a
complex linear space V' is a bilinear map ¢« x V. — V, (X,v) — Xwv, such
that

(X, Y]v=XYv—-YXv

forall X, Y € gand v € V. In other words, the map X +— X is a Lie algebra
homomorphism from g into End(V).

Earlier in this section we already defined what it means for two atlases to be
equivalent. We end this section by stating what it means for two represen-
tations to be equivalent.

Definition 3.4.7. If (7;,v;)(j = 1, 2) are continuous representations of G in
complete locally convex spaces, then a continuous linear map 7' : V; — V5 is
said to be equivariant, or intertwining if the following diagram commutes
for every = € G:

Vi —— W

Twl(x) Twz(m)
T

Vi— W,

The representations m; and 7y are said to be equivalent if there exists a
linear isomorphism 7" from V; onto V5 which is equivariant.

If the above representations are finite dimensional, then one does not need to
require 1" to be continuous, since every linear map V; — V5 has this property.
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4 Coadjoint orbits

-Isaac Newton encrypted his discoveries in analysis in the form of an anagram
that deciphers to the sentence, ‘It is worthwhile to solve differential equa-
tions’. Accordingly, one can express the main idea behind the orbit method

by saying ‘It is worthwhile to study coadjoint orbits’.-
A.A. Kirillov ([1])

The notion of coadjoint orbits is the main ingredient of the orbit method. It
is also the most important new mathematical object that has been brought
into consideration in connection with the orbit method.

4.1 The coadjoint representation

Let G be a Lie group. Unless stated otherwise, we will assume G to be a
matrix group, that is, a subgroup and at the same time a smooth submanifold
of GL(n,R). Let g = Lie(G) be the associated Lie algebra. Let z € G. Then
the translation maps [, : G - G y— zyandr, : G - G y — yx
are diffeomorphisms from G onto itself, hence they are automorphisms (the
notions of diffeomorphism and isomorphism are identical for Lie groups). As
a consequence the conjugation map C, = l,or;! : G — G y +— xyz~!is
an automorphism too, also called an inner automorphism. This map fixes
the neutral element e. So we can define its tangent map at e which is a
linear automorphism of 7,G = Lie(G) (the last identification will be justified
later in this section). Thus, because the automorphisms form a group under
composition of morphisms, we have T,C, € GL(T.G).

Definition 4.1.1. If z € G we define Ad(x) € GL(T.G) by Ad(z) = T.C,.
The map Ad: G — GL(T.G) is called the adjoint representation of G in
T.G.

Because here G is a matrix group the Lie algebra g is a subspace of Mat(n, R).
Hence the adjoint representation is simply matrix conjugation:

Ad(g)X =g-X-g7', Xeg, geG. (5)

Indeed Ad is a representation: for g1, g, € G, X € g we have
Ad(g1)Ad(g2) X =Ad(g1)(92X95") = 192X g5 97 =
9192X (9192) 7" =Ad(g192) X.

Now consider g* = {f : g — R|f linear}, the vector space dual to g. For
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any linear representation (7, V") of a group G one can define a dual represen-
tation (7*,V*) in the dual space V*:

™(g): V=V 7 (g) =n(g7)* (6)

where the asterisk in the right-hand side means the dual operator in V*
defined by:

(m(g Y f,v) = (f, (g Hv) forany veV,feV* (7)

and by (f,v) we denote the value of the linear functional f on a vector v. In
particular:

Definition 4.1.2. Let X € g, F' € g*. Then the coadjoint representation
Ad* : Gxg* — g* of G in g* is defined by Ad*(g) : g* — g* Ad*(g) =Ad(¢g1)*.
So by definition, (Ad(¢~)*F, X) = (F,Ad(g")X).

Indeed Ad* is a representation:
(Ad*(g1)Ad*(g2) F, X) = (Ad(g;')*Ad(g; ')*F, X)
= (Ad(g, )" F.Ad(g; 1) X) = (FAd(g; ")Ad(g7 1) X)
= (F,Ad(g5'9; ) X) = (FAA((9192) ) X)

- <Ad((glg2>_1)*F7 X> - <Ad*(9192)F7 X>

Now the groups under consideration are matrix groups. What specific form
does the coadjoint representation take for matrix groups? The space Mat(n, R)
has a bilinear form

S : Mat(n,R) x Mat(n,R) - R (A, B) — tr(AB), (8)
where tr(-) is the operation of taking the trace of a matrix. It is:

e non-degenerate (meaning S(A,B) = 0 VB € Mat(n,R) = A = 0):
first we will show tr(ATA) = 0 & A = 0. Namely, tr(ATA) =
ZZj:l AZA]Z = ZZj:l(Aji)2 =0& (Ajz‘)z =0 \V/Z,j < A = 0. Hence

S(A,B) = tr(AB) = tr(BA) = 0 VB =tr(ATA) = 0 = A = 0 (matrix

with all entries zero).

e invariant under conjugation: let C' €Mat(n,R). Then tr(CABC™!) =
tr(C~'CAB) =tr(AB). Hence S is invariant under conjugation.

The bilinear form S gives an identification between Mat(n, R) and Mat(n, R)*
via the map 8 : A — S(A, —) eMat(n,R)* defined by 8(A)(B) = S(A, B).
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Now we want to show that the space g*, dual to te subspace g CMat(n,R)
can be identified with the quotient space Mat(n,R)/gt, where the sign L
means the orthogonal complement with respect to the the form S:

g- = {A € Mat(n,R)|S(A4,(B)) =0 VB € g} (9)
where ¢ is the inclusion map from g to Mat(n, R).

To start with the following table comparing properties of a map and its
dual is good to have in mind:

f [
isomorphism | isomorphism
zero image zero image
injective surjective
surjective injective

Now consider the following short exact sequence of vector spaces (mo¢ = 0):
A<-B5SC

with ¢ an injective and 7 a surjective map. Then C' = B/i(A). Further-
more Totr =0 = (mou)* =1*or* =0 (see the second property quoted in
the table above). Hence

A Epr 5o

is a short exact sequence of vector spaces with ¢(* a surjective and 7* an
injective map (see the third and fourth property quoted in the table above).
And A* = B*/7*(C*) (where the first property quoted in the table is used).
Now define:

At ={¢ € B*|¢(i(a)) =0 Va € A}. (10)
We will show that 7*(C*) = A+ from which follows A* & B*/AL. Indeed:

o m(C*) C At: take f € C* ie. f:C — R, then 7*(f) : B — R. So
for a € A we have (7*(f))(c(a)) = (f o7)(t(a)) = (fomor)(a) =0,
because m o = 0. Hence f € A*.

o AL C m(C*): take g € A+, Then g € B* and g(i(a)) = 0 Va € A.
Now for f € C* and b € B define f([b]) = g(b), where
b = (b+ t(a)) € C(a € A), is the equivalence class of an element
b € B. This definition is independent of the choice of b € [b]. Namely,
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g(b+ t(a)) = g(b) + g(t(a)) = g(b), because g € AL. Tt is left to check
that ¢ = 7*(f), because then g € 7*(C*). Indeed g(b) = f([b]) =

f(m (b)) = (fom)(b) = =" (f)(b).
From 7*(C*) C A+ and A+ C 7*(C*) follows 7*(C*) = AL

Now take A = g, B = Mat(n, R), ¢ the inclusion map from g to Mat(n, R) and
7 the projection map from Mat(n,R) to Mat(n,R)/c(g). Indeed mov =0
for this choice, by definition of the quotient space Mat(n,R)/c(g). It fol-
lows by the previous argument that g* = Mat(n,R)*/gt. Here is used
S(A,u(B)) = B(A)(«(B)) and S(A) € Mat(n,R)*. Finally, because the
bilinear form S is non-degenerate, the map [ is an isomorphism. Hence
Mat(n, R) =Mat(n, R)*. We arrive at g* =Mat(n,R)* /gt =Mat(n,R)/g*.

In practice this quotient space Mat(n,R)/g" is often identified with a sub-
space V' CMat(n,R) that is transversal to g* and has complementary di-
mension. So we can write Mat(n,R) = V @ gt. Let py be the projection
of Mat(n,R) onto V parallel to g-. Hence for matrix groups the coadjoint
representation takes the form:

Ad*(9): 9" =V = g" =V Fepy(gFg'), g€ G=DMat(n,R). (11)

Remark 4.1.1. If we could choose V' = g* invariant under Ad(g), g € G,
then gFg ' € V = g*,F € V = g* hence we can drop the projection in
the above definition of the coadjoint representation. This can be done if g is
semisimple.

We can now define the notion of a coadjoint orbit :

Definition 4.1.3. Given F' € g*. The coadjoint orbit O(F) is the image
of the map k : G — g* g —Ad*(g)F.

This section shall be concluded with the introduction of the so-called in-
finitesimal version of the coadjoint representation. From the definition of C,
it follows that C. = I. Hence Ad(e) = Ir,¢. Hence, using T/GL(T.G) =
End(7.G), we can define the map tangent to Ad:

Definition 4.1.4. The linear map ad: T.G —End(7.G) is defined by ad
=T.Ad

Furthermore,

Definition 4.1.5. We define the Lie bracket [,] : T.G x T.G — T.G by
[X,Y] = (adX)Y.
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We will again derive what specific form the Lie bracket takes for matrix
groups. First of all, note that by the chain rule

ad(X) = = Ad(exptX), teR (12)
t=0

where is used the exponential map defined in section 3. We already knew
that the adjoint representation takes the form:

Ad(g)X =g-X-g7', Xeg, geqG

Substituting g = exptY, Y € g, and differentiating the resulting expression
with respect to ¢ at ¢ = 0 we obtain, using (8),

d
[V, X] = (adY)X = o exp’” Xexp ™ =YX — XV, (13)

t=0

the commutator bracket of X and Y.

Hence the Lie bracket:

e is a bilinear map,
e is anti-symmetric: [X,Y]=XY - YX =—-(YX - XY) =—[Y, X|,

e satisfies the Jacobi identity:
[X7 [Y7 ZH + [Y7 [Zv X“ + [Z7 [X7 Y]] =
(X, YZ-ZY|+ Y, ZX — XZ|+[Z, XY - YX]| =
(X, YZ| - [ X, ZY |+ [V, ZX]| - [Y, XZ]+ [Z, XY ]| - [Z, Y X]| =
XYZ-YZX-XZY+ZYXAYZX—-ZXY -YXZ+XZIY+ZXY —
XYZ-ZYX+YXZ =0, Zeg.

It follows that T.G together with the Lie bracket is a Lie algebra. This jus-
tifies the identification of 7,G with g, the Lie algebra of G, already used
earlier in this subsection. The Lie bracket is a Lie algebra representation
(also called the infitesimal representation associated with the representa-
tion of the Lie group) of g in End(g), which follows from the definition
of a Lie algebra representation given in section 3. Namely, for Z € g,
[X,Y]ad(Z) = (XY —YX)ad(Z) = XYad(Z) — Y Xad(2).

We are now ready to define the infinitesimal version of the coadjoint rep-
resentation:
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Definition 4.1.6. Let XY € g, F € g*. Then ad* : g x g* — ¢g* is
defined by ad*(X) : g* — g¢g* ad*(X) = (—ad(X))*. So by definition,

For matrix groups it takes the form
ad"(X)F =py([X,F]) for X e€g, FeV =g (14)

Again, if g is semisimple, the projection can be dropped in the equation
above.

4.2 The coadjoint orbits of SU(2)

In this subsection we will apply the theory of the coadjoint orbits to the
Lie group SU(2), that is, we will argue what the coadjoint orbits of SU(2)
are. The approach in this subsection will be less formal than in previous
subsections. Because SU(2) is a relatively simple application of the theory it
will give a good intuition for the notion of coadjoint orbits.

4.2.1 Deriving the coadjoint orbits by finding conjugation-invariant
functions on su(2)*

First of all, SU(2) is the matrix group defined by
SU(2) = {z € Mat(2,C)|z'z =1, det(x) = 1}. (15)

From the conditions on x contained in the definition we can derive the form
of a matrix in SU(2). Let us first take a general matrix in Mat(2, C). It has
the form

a f

v 0
with «, 8,7,0 € C. By the definition of SU(2) we have that zf = 7!, At
the level of matrices this implies, using det(z) = ad — Sy = 1, that

(7))
pr 0" -«

using Cramer’s rule to invert the matrix. Hence it follows that
of = 0,7 = —F,8" = —v and 6" = «a. So at the level of matrices we can
write

wo-{(3 )

(@.8) € C ol + |8 = 1} (16)
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The next step is to calculate the Lie algebra of SU(2), which we will denote
by su(2). We can write x = exp® for X € g,¢ € R small and where exp is
the exponential map defined in subsection 3.3. Taylor expanding this expres-
sion around € and keeping terms up to first order in € we have x = [ + €X,
so the condition z'z = I translates into

I+eX) (I4+eX) =l & [+e( X+ XN)+0(}) =1 & X+XT =0 X = —XT.

Furthermore the condition det(z) = I translates into

det(x) = explosldet@) — exptlos@) — exptrlog(e’q’ex) = exptl(X) =
eXpEtr(X) Zl+etrX =1<trX =0.
Hence,
su(2) = {X € Mat(2,C)|X = —XT, trX = 0}. (17)

Again, from the conditions on X we can derive the form of a matrix in su(2).
Take the same general matrix in Mat(2, C) as before. At the level of matrices
the condition X = — X becomes

5 8)=C5 %)
Hence it follows that
(i) a* = —a, (ii) 0* = =4, (iii)) — F=~" and (iv) — *=~.
If we write a = a+1ib,8 =c+1id,v =e+if,d = g+ ih and note that the
conditions (iii) and (iv) are equivalent we deduce that
a=0,9=0,d=f,c= —e.
Finally tr(X) = 0 implies that b = —h. We conclude that at the level of
matrices

au(2) = { (_Cii y C_*@.;f) ' be.d e ]R} (18)

It follows that su(2) is determined in terms of three free real parameters
b, ¢, d and hence is isomorphic to R3.

The Lie algebra su(2) is semisimple. To show this, it suffices to show that
su(2) has an invariant inner product, since SU(2) is a compact Lie group

(see [31]). An inner product (,) is invariant under the action of su(2) if, for
XY, Z € su(2) ([32]),

((X,Y],2) = =V, [X, Z]), (19)
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where [,] denotes the Lie bracket. Since su(2) is a matrix group, the Lie
bracket [,] is just a commutator bracket. Consequently, an invariant inner
product is given by

(X,Y) =tr(XY), (20)
for X, Y € su(2). Indeed,

((X,Y],Z2) =tr([X,Y]Z2) =tr(Z[X,Y]) = tr([Z,X]Y) =
tr(Y[Z, X]) = —tr(Y[X, Z]) = = (Y, X, Z]),

for X,Y, Z € su(2).

By remark 4.1.1. we can now drop the projection py in equation (7). Further-
more, we know by the previous subsection that on matrix groups Mat(n, R)
there exists a bilinear form S and the corresponding earlier defined isomor-
phism (. This isomorphism [ tells us that for SU(2) we have g* = g. Take
F € g* = g =~ R3 Now by definition 4.1.3. in order to find the coadjoint
orbits of SU(2) we look for the points F’ € g* = g = R? for which

F' = gFg! for a certain g € SU(2). (21)
Let Q be a funtion Q: su(2) — C which is conjugation invariant. Then (21)
implies that Q(F') = Q(gFg™!) = Q(F) with F’ € Q, a coadjoint orbit of
SU(2). Hence Q(2) = constant € C. That is, different coadjoint orbits are

characterized by different constants in the equation above. We have to check
all conjugation invariant functions on su(2) to find all coadjoint orbits of

SU(2).
Take for ) the function Q: su(2) — C, F +— tr(F). Then Q is indeed
conjugation invariant: tr(gFg—') = tr(F), by cyclicity of the trace. But

for SU(2) we already know that tr(F) = 0 for all F' € su(2), so in particu-
lar for points in 2, so this gives no information about the specific points in €2.

Now take for @ the function Q : su(2) = C F — tr((F)?). Indeed this
Q is conjugation invariant:

tr(gFg 'gFg™") = tr(gF?g™") = tr(g'gF?) = tr((F)?).

Let us calculate tr((F”)?) for I’ € Q,using the matrix representation we
have for elements in su(2):

oy ibctid\ [ b c+id)
“((F))_“(—cﬂd —z’b) <—c+z’d —ib ) =

33



22
i ( —p2 _”0'2 _ d2> = -2(b* + ¢* + d*) = constant.

Note that we can write without loss of generality, constant/(—2) = r? for a
certain other constant » € C. So the condition on b, ¢, d € R becomes:

v+ +d =02 (22)

Because the constants b, c,d are real, the expression b? + ¢ + d? must be
real. Hence r? must be real too. Therefore, expression (21) tells us that
at least some coadjoint orbits of SU(2) are spheres S? C R* and we have a
point as coadjoint orbit in case b = ¢ = d = 0. We will now make clear why
all coadjoint orbits of SU(2) are two-dimensional spheres or a point (one-
dimensional).

Take for Q the function Q : su(2) — C F + tr(FFT). Because F € su(2)
it holds that F' = —(F)". Hence tr(FF') = —tr((F)?). It follows that Q
is conjugation invariant and the condition on b, c,d € R corresponding with
points on the coadjoint orbits becomes the same and we again get a point
and two-dimensional spheres as coadjoint orbits.

Take for Q the function Q: su(2) — C F ~ tr(FY) for N € Z. We
already proved tr(F?) = —2(b* + ¢* + d?) for b,c,d € R. With induc-
tion it follows that tr(FYN) = (=b* — ¢ — d?)V=Y/2tx(F) for N odd and
tr((F)N) = (=2)M2(b? + 2 + d?)™/? for N even. So for N odd we get no in-
formation about the specific points in 2, because tr(F') = 0 for all F' € su(2).
For N even we can write

tr(FN) — (_Z)N/2<b2 L4 d2)N/2 — (—2(1)2 L2t dQ))N/Q — (tr(F2))N/2.

Hence Q is conjugation invariant and the condition on b,c¢,d € R again
becomes b? + ¢® + d* = r? for r € R and we get a point and two-dimensional
spheres as coadjoint orbits.

The reader can convince himself/herself that all conjugation invariant func-
tions on su(2) are similar to the ones described above and hence lead to
the same coadjoint orbits: two-dimensional spheres or points. The formal,
rigourous proof of the fact that the two-dimensional spheres and a point
exhaust the coadjoint orbits of SU(2) will not be given in this thesis.
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4.2.2 Deriving the coadjoint orbits by comparing with SO(3)

Another way to see that the coadjoint orbits of SU(2) are two-dimensional
spheres or a point is to establish an isomorphism between the Lie algebras
su(2) and so(3) and then prove from this that the coadjoint orbits of both Lie
groups are equivalent. Because SO(3) is the group of rotations in R? it is then
clear from visual point of view that its coadjoint orbits are two-dimensional
spheres or a point.

Let a Lie group homomorphism ¢ : G — H be given. Then we know from
the theory given in subsection 3.3 that the map induced on the Lie algebras
¢ : g — bis a (Lie algebra) homomorphism. This induces the following
commutative diagram:

Gxg Lg
jw l&)
Hxh 24 g

with Ad the adjoint representation. This diagram is equivalent to the fol-
lowing commutative diagram

Ad

Gxg g
ﬂ ¢
Idgx¢
GXh(ﬁX—%)HXh Ad h

with Idg and Idy the identity mappings on G and g respectively. The fact
that these diagrams are equivalent is obvious from the fact that

¢ x ¢=(¢x1d)o (Id x ).

In general, if for G a group and V', W vector spaces the maps o1 : GXV — V|
as : G x W — W are continuous G-representations and a homomorphism
¢V — W is given this induces the commutative diagram:

GxV 25V

lldcxﬂﬁ l¢

GxW 25 W

We then say that ¢ is a homomorphism of G-representations . In this
situation it is generally true that G-orbits in V' are sent to G-orbits in W.
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So in the particular case considered above we have V. =g, W =8, ¢ = gg,
a; = Ad and ay = Ad o (¢ x Id). Indeed s is a continuous representation
in this case, because the composition of a continuous representation with a
homomorphism is again a continuous representation. It follows that ¢ is a ho-
momorphism of G-representations and G-orbits in g are sent to G-orbits in b.

However, we are interested in the coadjoint orbits, not in the adjoint ones.
If o : g — b is a homomorphism, then ¢* : h* — g* is a homomorphism. The
following commutative diagram is induced:

G x g* Ad” g
N T .
Idg X é*
* * *
G xh ¢* xIdgs Hxh Ad* b

We conclude that gz~5* is a homomorphism of G-representations and G-orbits
in h* are sent to G-orbits in g*.

Now take G = SU(2) and H = SO(3). We will now show that su(2) = so(3).
Because su(2) is the algebra of X € Mat(2,C) with X7 = —X and tr(X) =0
one can see from this that as a real linear space su(2) is generated by the
elements

(i 0 (0 1 NOR
=\ =) 2T\ 0) BT\ o)

r; = 10;, where o01,09,03 ar mou uli spin matrices.
Note that r; j, where o1,09,03 are the famous Pauli s atrices
ne readily verifies that r{ = r5 = r5 = —1 and riry = —ryr;e = r3 an
O dil fies that 72 2 § I and 5 and

T9Ts = —T3ry = T7.

It follows from the above product rules that the commutator brackets are
given by

o [r,m] =ad(r)r1 =0, [r1,re] =ad(ry)ry = rire — rory = 2r3,

[r1,73] = ad(r)rs = rirs — r3ry = rirg + rirg = —Iry — Ity = —2r5.
b [7"2,7”1] = _[7’1,7“2] = —2r3, [7"2,7”2] =0, [7”2;7“3] = Tor3 — I3ry = 217.
L4 [7’3,7”1] - _[T17T3] == 27”2, [7’3,7”2] = _[T27T3] = _2T17 [7’3,7“3] = O
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From this it follows that the endomorphisms ad(r;) € End(su(2)) have the
following matrices with respect to the basis rq, ro, 73:

0 0 0
0 —2|, mat(adry)= 1| 0
2 0 —2

mat(ad ri) =

o O O
O NN O

0 2
0 0|, mat(adrz) =
0 0

The above elements belong to
50(3) = {X € Mat(3,R)|X = — X"},
the Lie algebra of the group SO(3).

If a € R?, then the exterior product map X — a x X, R?® — R? has matrix

0 —as Q9
Ra = as 0 —a
—as  aq 0

with respect to the standard basis e, eq, e3 of R®. Clearly R, € s0(3).

Write R; = R,, for j = 1,2,3. Then by the above formulas for mat ad (r;)
we have

mat(adr;) =2R; (j=1,2,3).

We now define the map ¢: SU(2) — GL(3,R) by ¢(z) = mat Ad (z),
the matrix being taken with respect to the basis ry, ro, r3. Then ¢ is
a homomorphism of Lie groups. The theory in subsection 3.3 gives that
Plexp X) = mat erd X = emat ad X from which we see that ¢ maps SU(2),
into SO(3). Since SU(2) is connected, we have SU(2) = SU(2)., so that ¢
is a Lie group homomorphism from SU(2) to SO(3). The tangent map of
¢ is given by ¢ : su(2) — s0(3) X — matad X. It maps the basis {r;}
of su(2) onto the basis {2R;} of so(3), hence is a linear isomorphism. So
su(2) = s0(3).

It follows that ¢ is a local diffeomorphism at 7, hence its image im(¢) con-
tains an open neighbourhood of I in SO(3). By homogeneity, im(¢) is an
open connected subgroup of SO(3), and we see that im(¢) = SO(3).. The
latter subgroup equals SO(3), by connectedness of the latter group. From
this we conclude that ¢ : SU(2) — SO(3) is a surjective group homomor-
phism. Hence SO(3) = SU(2)/ker(¢). The kernel of ¢ may be computed as
follows. If z € ker(¢), then Ad (x) = I. Hence zr; = r;x for j = 1,2, 3.
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From this one sees that € {—1,1}. Hence ker(¢) = {—1,1}. So
SU(2)/{£I} = SO(3).

So what do we have so far? We have that ¢ : su(2) — s0(3) X — ad(X)
is a linear isomorphism, hence gE* is a linear isomorphism, hence in the com-
mutative diagram above we can replace h* = s0(3)* by g* = su(2)*. So we
have that ¢* is a homomorphism of SU(2)-representations and SU(2)-orbits
in 50(3)* = su(2)* are send to SU(2)-orbits in su(2)* = so(3)*.

Moreover, we can now show that the SU(2)-orbits in s0(3)* = su(2)* are
equivalent to the SO(3)-orbits in s0(3)*. Two points x,y € s0(3)* lie both
on a SU(2)-orbit if g - = y, where g € SU(2) and ‘-’ means ‘acting’. We
denote this by the equivalence relation x ~gy(2) y. Because ¢ is a homomor-
phism g -z =y = ¢(g) - * = y. The fact that ¢(g) € SO(3) thus gives
T ~gu@2) Y = T ~so(3) Y- Now suppose that the points =,y € s0(3)* lie both
on a SO(3)-orbit, that is, h - x = y for b € SO(3). As proved earlier, ¢ is
surjective, meaning 3 g such that ¢(¢g) = h. This implies that g - =z = y.
Hence x ~go(3) ¥ = = ~su(z) ¥ and we are done.

In other words, the coadjoint orbits of SO(3) and SU(2) are equivalent.
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5 Symplectic structure on coadjoint orbits

-One feature of coadjoint orbits is eye-catching when you consider a few ex-
amples: they always have an even dimension. This is not accidental, but has

a deep geometric reason.-
A.A. Kirillov ([1, p.4])

5.1 The Kirillov form

Definition 5.1.1. A symplectic manifold (), w) is a smooth manifold M
on which there exists a closed nondegenerate differential 2-form w (called the
symplectic form). In local coordinates:

w = wy(x)dz" Ndz¥, dw =0,
where w,,, is an anti-symmetric, invertible matrix.

In the appendix it is proven that the closedness dw = 0 of the symplectic
form w at the level of the matrix w,, translates to the condition

Oy + Opwyy + Oy, = 0,
which is known as the Jacobi identity for symplectic forms .

From the definition it follows that symplectic manifolds should have even
dimension. Indeed,

det(wyu) = det(—(w,0)7) = (~1)"det((w,,)7) = (~1)"det(w,),

with w,, an n X n-matrix. In the first identity the anti-symmetry of w,,
is used. In the second and third identity properties of the determinant are
used. Consequently, if n is odd, det(w,,) = 0 and w,, does not satisfy the
invertibility property anymore. Hence a symplectic manifold should be even-
dimensional.

The important and beautiful fact that the coadjoint orbits of Lie groups (in
our case matrix groups) are symplectic manifolds is encoded in the following
theorem:

Theorem 5.1.1. On every coadjoint orbit €2 of a matrix group G, there
exists a nondegenerate closed G-invariant differential 2-form B (called the
Kirillov form) defined by Bo(F)(X,Y) = (F,[X,Y]) for X,Y € g, F € g*.
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Remark 5.1.1. Notice that although this theorem applies only to matrix
groups, the result can also be proven for general Lie groups. The proof of this
more general theorem can be found in for example [2, p.227-230]. Because
in applications in (mathematical) physics the Lie groups are almost always
matrix groups the above theorem suffices for the purposes of this thesis.

Proof. In this proof we will proceed as follows. We will first prove the ex-
istence of this differential form. Then we will prove that the differential
form is nondegenerate, G-invariant and closed, respectively. This together
establishes the claim of the theorem.

e Existence: Note that  is by definition a transitive G-space (being
one orbit). So it follows from the Orbit-Stabilizer theorem (for the
proof, see for example [5]) that = G/Stabg(F) for F' € Q. Here
Stabg(F) = {g € G| Ad*(¢9)F = F}.

Take X € g = Lie(G). Then we know from the theory in subsection 3.1
that X is an equivalence class of curves 7 : [—€,¢] — G, 0+ e, which
we will denote as [y]. Let an action of G on a manifold M be given. We
can now construct a vector field on M. To achieve this we somehow
need to map the interval [—¢, €] to the manifold M. A natural way to

do this is as follows: [—€,e] &> G x M % M 0+ (e,m) — m where
3 =ty 0y wWith ¢y, : G = G X M, g+ (g,m), the inclusion map and
a the action map. So for a given X € g we can define {x € Vect(M)
by (€x)m = [t — ~(t) - m] where ‘" means ‘acting on’.

Now take for M the orbit space €2, for the curve the specific realisation
t — exp'® with t € R and for the action the coadjoint representation.
Then for F' € Q

d ./
Ex(F) = 7 t:OAd () F =
% Py (etXFe_tX) = pv([X, F]). (23)
t=0

We will construct a differential two-form on Q. At the point F' €
a differential two form gives an alternating bilinear map B : Tp{) X
Tp — R. Take a,b € Tp). We can write a = {x(F), b = &y (F) for
X,Y € Lie(Q) = g/Lie(Stabg(F')). This follows from the fact that the
surjective map G — () given by the coadjoint representation induces a
surjective map on the tangent spaces
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T.G = g — T.Q2 = g/Lie(Stabg(F)) and the fact that these choices for
a and b do not depend on the choices for X, Y € Lie(Q2). Namely, for
Z € Lie(Stabg(F')) we have

Exiz(F) = pv([X + Z, F)) = pv([X, F]) + pv([Z, F]) = pv([X, F]) =
Ex (F).

That [Z, F] = 0, and hence py([Z, F]) = 0, follows from restricting
ad*(Z) to Q = G/Stabg(F).

We are now in the positon to define B(a,b) = Bo(F)(X,Y) = (F,[X,Y]).
Indeed this definition does not depend on our choice for X, Y € Lie(Q):
take Z € Lie(Stabg(F)). Then

BQ(F)(Za Y) = <F’ [Zv Y]> = <F>ad(Z)Y>
= (ad*(Z2)F\Y) = (pv[Z, F],Y) = 0,

so it follows that,

Bo(F) X+ 2Z,Y)=(F,[ X+ Z,Y]) = (F,[X,Y]) +(F,[Z,Y]) =
(F,[X,Y]) = Ba(F)(X,Y).

Indeed Bqo(F)(X,Y) defines a differential two-form:
BQ<F)(X7 Y) = <F> [X> Y]) = _<F’ [Y>X]> = _BQ<F)(K X)

Hence we have established the existence of the differential two-form
Bqo(F)(X,Y) on the coadjoint orbits of the matrix group G.

Nondegeneracy: To prove that B(a,b) = Bq(F)(X,Y) is nondegen-
erate is now easy. We want to prove that for a # 0 there exists a
b such that B(a,b) # 0. This is equivalent to proving that for X ¢
Lie(Stabg(F')) there exists a Y such that Bo(F)(X,Y) # 0. Take
Y € g. Then

Bo(F)(X,Y) = (F,[X,Y]) = (Fad(X)Y) = ((ad(X))"F,Y) =
(—(d*(X)FY) = (=(pv[X, F]),Y).

We already had that [X,F] = 0 & X € Lie(Stabg(F)). Hence

[X, F] # 0 < X ¢ Lie(Stabg(F')). It follows that (—(py[X, F]),Y) # 0
and nondegeneracy is established.
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e G-invariance: Bqo(F)(X,Y) being G-invariant means that
I:Ba(F)(X,Y) = Ba(F)(X,Y) where [} is the pull-back of [, as defined
in section 3. In general, a mathematical object o has a natural group
action defined on it and we call the mathematical object G-invariant
if 'a = a. If ais a function f we get I7(f) : M — R m ~ f(g- M)
and Iy f = f < f(g-m) = f(m). Here - means ‘acting on’. This gives,
using Bo(F)(X,Y) € C*(), that,

lgBa(F)(X,Y) = Ba(F)(X,Y) = (F,[X,Y]),

implying that (F,[X,Y]) = (Ad*(g)F, [Ad(g)X,Ad(g9)Y]).

So this last equation is the one that needs to be checked. Indeed,
(Ad*(g)F, [Ad(9) X, Ad(g)Y]) = (Ad*(9) F, [9Xg~", gY'g7']).
Furthermore,

gXg ' gYg ) =gXglgYg ' —gYglgXg?
=gXYg ! —gYXg!'=g[X,Y]g".

Hence,

(F,g7'g[X,Y]g™g) = (F,[X,Y]).

This gives G-invariance of Bo(F)(X,Y).

e (Closedness: We have to prove that dBg = 0, where the definition of
d is used as given in section 3. For notational convenience we drop
the subscript €2 in Bg for a moment. The notation c.p. denotes cyclic
permutation in XY, Z of the expression on the left hand side of it.

Using the shape of B in local coordinates and taking X, Y, Z € Lie(Q2)
gives

dB(X,Y, Z) =

d (ZK ; Biydai A dﬂ) (X,Y,Z) =

(4 iy DByt A da A da?) (XY, Z) =
S Yo BBy (XFYiZ1 — XY 7 4 cp.).
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We claim that dB(X,Y,Z) = X - B(Y, Z) — B([X,Y],Z) + c.p.. Here
is used that for a function f and and a vector field v the expres-
sion v - f denotes the directional derivative of f in the direction v,
that is v - f = v'2L. Let us check this claim by first calculating

Ox?
X -B(Y,Z)+ c.p.. We have

X-B(Y,Z)+cp. =

ZXkan Y By(Y'Z —Y'Z) +cp. =
1<J
SN {XMoBy)Y'Z + X*ByoY' 2 + X*BY' 0,27}
i<j k
N {AXMoBy)Y Z' + X* By Y Z' + XPBiY 0. Z'} + cp. (24)

i<j k

It follows that the terms containing 0y B;; match with the expression
for dB(X,Y, Z) found at the beginning. So it is only left to check that
the terms not containing 0y B;; cancel against —B([X,Y], Z)+c.p.. We
have

~B([X,Y],Z) + c.p
=2 Biy((X, Y] Z [XY]JZZ)vch

Using [X,Y] = X'0,Y7 — Y'0, X’ this equals

SN Bi(-X*oYiz +Yho X7
ki<j

+X*0YIZF — Y 0, X Z') + c.p. (25)

Hence the terms not containing 0 B;; in (24) indeed cancel against the
terms in (25). This verifies the claim.

Notice that because B(Y, Z) is a C*°-function, its directional derivative
along the vector field X is equal to the Lie derivative Lx B(Y, Z) (see
subsection 3.1). The same holds for the cyclic permutations of B(Y, Z).
Using the Leibniz rule for the Lie derivative,

X-B(Y,Z) - B([X,Y],Z) =
(LxB)(Y, Z) + B(LxY, Z) + B(Y, LxZ) — B(|X,Y], Z)
B([X,Y],Z) + B(Y,|X,Z)) — B(IX,Y],Z) = B(Y,[X, Z

D).
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Here is used that LxB = 0: earlier in this proof we showed that B
is G-invariant. Write g = exp'® for t € R, A € g, g € G. Then B
being G-invariant means [;(B) = B with [, the left translation map.
So I piay(B) = B < %‘tzo Lpea)(B) = Lx,(B) = 0 and we are done.
One can apply similar mathematics on the cyclic permutations of the
expression X - B(Y, Z) — B([X,Y], Z). We end up with the three terms
B(Y,[X,Z]),B(X,[Z,Y]), B(Z,[Y, X]). Using the anti-symmetry of B
and the Lie bracket, rewriting of these three terms gives:

(1) B(Y,[X,Z]) = -B([X, Z],Y)
(2) B(Xv[ZvY]):_B(X’ [Y>Z]):B([Y>Z]7X)
(3) B(Zv [Y7X]):_B(Z’ [X,Y]):B([X,Y],Z).

It follows that for XY, Z € Lie(Q2) we have (inserting the subscript
in B again):

<F7 [[X’ Y],Z]) - <F> HX’ Z]>Y]> + <F7 [[Y7 Z]’XD =
(FX Y] Z] - [[X, 2] Y] + [[Y, 2], X]) =
<F>_[Z’ [XaYH + [Yv [X> ZH - [X> [Ya Z]]) =

<F7 _[Z7 [Xa Y]] - [Y> [Zv X]] - [Xv [Ya Z]Du

where the anti-symmetry of the Lie bracket is used in the last two
identities. The last expression is indeed equal to zero by the Jacobi
identity. Hence we have established that Bg is closed.

]

It follows that the coadjoint orbits of matrix groups are always even-dimensional.

5.2 The Kirillov form on the coadjoint orbits of SU(2)

This second subsection of section 5 will again be an application of the theory
described in the foregoing subsection (as was the case in section 4) and will
hopefully give more insight into this theory. Here the explicit ‘local coordi-
nates shape’ of the Kirillov form on the physically interesting coajoint orbits
of SU(2) (being the two-dimensional spheres) will be derived.

Before we come to this calculation we make a small excursion to the the-
ory of Poisson manifolds and Poisson brackets.
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Definition 5.2.1. A Poisson manifold is a differentiable mainifold M such
that the the algebra C*°(M) of smooth functions over M is equipped with a
bilinear map {, } : C>°(M) x C*°(M) — C*°(M) such that {, }

(1) is skew-symmetric, i.e. {f,g} = —{g, [},
(2) obeys the Jacobi identity: {f,{g,h}} + {9, {h, f}} +{h, {f,9}} =0,

(3) is a derivation of C*°(M) in its first argument:
{fg.h} = f{g, b} + g{f, h} for all f,g,h € C=(M).

The map {, } is called the Poisson bracket.

In local coordinates the Poisson bracket can be written as

dg

{9} = —5 o @) 52

(26)
where x € M and w"”(z) is a matrix such that {f, g} satisfies properties (1)
and (2) in the above definition (so in particular it must be an anti-symmetric
matrix by virtue of property 1). Expression (26) also satisfies property (3):

{M@L-ygwwgﬂz )
f%@xgﬂwuy< )Bathu - géaxiww(x)a_x}i =

g, h} +9g{f,h},
for all f,g,h € C>®(M).

Given a symplectic manifold (M,w) and f,g € C>®(M). We can define
the Poisson brackets in local coordinates by

18f g

{9} = 5 g (@) 5s,

(27)

where in this case w"” is the inverse of the matrix w,, corresponding to the
symplectic form w = w,, (z)dz* A dz¥. The proof that this definition of {, }
does indeed define a Poisson bracket is postponed untill subsection 6.1.

As a consequence, all symplectic manifolds are Poisson manifolds. The op-
posite need not be true. This is because on a Poisson manifold, the matrix
w defining the Poisson bracket, need not be invertible.

Our procedure to calculate the explicit ‘local coordinate’ shape of the Kir-

illov form on the two-dimensional spheres will be to calculate the matrix w”
in (26) locally and show that it is invertible. Hence in the SU(2)-case we
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can calculate the inverse matrix w,, and hence the corresponding symplectic
form w. By showing that w,, is closed and SU(2)-invariant we thus find the
Kirillov form on the two-dimensional spheres, the physically relevant coad-
joint orbits of SU(2). We will do the calculation in two often used coordinate
systems: the spherical coordinate system and the stereographic coordinate
system.

5.2.1 The Kirillov form on the coadjoint orbits of SU(2) in the
spherical coordinate system

Let {x1, 2,73} be the standard coordinates in R3. The spheres of radius R
in R? are given by the equation z3 + z3 + 22 = R%.

We can cover the sphere by two charts. One chart being the whole sphere
minus the northpole (6 = 0), which we denote by U, the other chart being
the whole sphere minus the southpole (# = 7), which we denote by U_. Be-
cause we calculate the Kirillov form on the two-dimensional sphere in local
coordinates, we have to perform the calculation on both charts U, and U_.
Let us first consider U_.

The well known parametrization of U_ is in terms of the parameters ¢, 6
and is given by

x1 = Rsin(0) cos(¢)

xo = Rsin(0) sin(¢)

x3 = Rcos(0)

0<op<2m, 0<6O<m.
Indeed,

22 4 23+ 2 =

(Rsin(0) cos(¢))? + (Rsin() sin(¢))? + (R cos(0))* =
R%(sin?(0) cos?(¢) + sin?(0) sin?(¢) + cos?(0)) =
R%(sin*(0) + cos?(9)) = R%.

As a first step towards finding the Kirillov form on U_ in the spherical coor-
dinate system the Poisson brackets {6, ¢}, {¢,0}, {6,0} and {¢, ¢} need to
be calculated. By formula (26) and in particular the antisymmetry of w?,
w? and w?? it immediately follows that

(6,6} =0
{¢,0} =0
{9,@5} = —{Qb,e}
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So it is left to calculate {¢,0}. The most convenient way to do this is to
first calculate the bracket {i—;, xg} in terms of the parameters 6, ¢ and sub-

sequently, to express this bracket in terms of {¢,0}.

In subsubsection 4.2.2 we already proved the commutation relations for
the generators of su(2) = R?. For the choice of generators {xy, s, x5} of
R? 2 5u(2) here we thus have:

(@1, xo] = 223, |21, 03] = =229, [22, T3] = 211.

We claim that a bilinear map {, } : C*°(R?) x C*°(R3) — C*(R3) which is a

derivation in its first argument and which satisfies the bracket relations
{z;,2;} = ceijpay,
for ¢ € R and ¢;;;, the Levi-Civita tensor, defines a Poisson bracket:
e Jacobi-identity: For f,g € C°°(R?®) we have

af Jg R
5, 5 o} with i, € 1,2,3), (28)

{f,9} =

which easily follows from equation (26) and the chain rule. To check the
Jacobi identity for general functions in C*°(R?) it is by (28) sufficient
to check it for the coordinates {x1,zs,z3} on R3. Indeed,

{w1, {we, 23}t + {@o, {3, 21} + {23, {z1, 22} } =

{z1,cx1} + {22, cT2} + {3, cx3} = 0.

e Anti-symmetry: follows directly from the definition of the Levi-Civita
tensor and (28).

This turns R? into a Poisson manifold. Moreover, for the Poisson bracket
induced by the Kirillov form the constant ¢ in the bracket relations above
equals ¢ = 2, since in that case the structure constants of the Poisson bracket
relations and the Lie bracket relations between the generators of su(2) are
the same (without proof). Consequently, for these induced Poisson brackets
it holds that,

{1,229} = 223, {21,253} = =29, {22, 23} = 225.

Furthermore, in order to calculate {i—;, xg} we use that

{f (21, 22), 25} = %{xl, T3} + g—x];{i@, T3}.
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Consequently,

{%’$3} - é{iﬂbxs} - i—é{xg,zg} = $_12(_2$2) _ %(2$1) _
x? B

2(=1-2) = =201+ tan*(9)) = ;.

Again, from (26) and the chain rule follows {f(¢),g(0)} = %%{¢,9}. So,
on the other hand,

{i—;,xg} = {tan(¢), Rcos(8)} = (ﬁ) Rsin(0){¢, 6}.

It thus follows that

2
Rsin(6)’

{9,0} = (29)

which has a singularity at the point 6 = 0.

Hence, the matrix w"” in (26) is given by

0 2
W — (_ ) RSI(r)l(H))
Rsin(0) )

It clearly has a nonvanishing determinant, implying that it is invertible. The
inverse is given by

o 0 —3Rsin(f)
m \3Rsin(0) 0 _

Consequently, the symplectic form on U_ equals
1 1
w = 0dpAdp+0doNdo— éRsin(H) do N\ df + §Rsin(9) do A\ do
= Rsin(0) do A do. (30)

Indeed, w is closed: dw = Rcos(f) df Ndf N de = 0. Hence, in order to show
that w defines the Kirillov form on U, in the spherical coordinate system we
have to prove it is SU(2)-invariant.

Since we have characterized our points on the sphere by the coordinates

x1, Ta, 3 satisfying :r% + :L'% + a:§ = R? we cannot act on these vectors by
elements of SU(2), being 2 x 2 matrices. However, since we proved earlier
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that SU(2)/{£I} = SO(3), proving S0(3)-invariance is equivalent to prov-
ing SU(2)-invariance of w. We can of course let SO(3), the rotation group
in 3 dimensions, act on the vectors corresponding to points on the sphere.
Since our choice of axes is arbitrary it suffices to prove rotation invariance
by choosing a specific rotation, being the rotation around the z3—axis by a
constant angle ¢. The matrix representing this rotation is given by:

cos(@ sin(@ 0 Rsin(0) sin(¢)
—sin(¢) cos(¢) 0| | Rsin(@)cos(o) | =
0 0 1 Rcos(6)

Rsin(#) sin(¢) Cos(@ + Rsin(#) cos(¢) sin(¢ )
— Rsin(0) sin(¢) sin(¢) + Rsin(8) cos(¢) cos(¢) | =
R cos(6)

Rsin(f) sin(¢ + ¢)

Rsin(#) cos(¢ + ¢)
R cos(0)

So the transformed coordinates are ¢ = ¢ + ¢ and ' = . We conclude
W' = Rsin(¢") df’ A d(¢ + @) = Rsin(0) df A dop = w,
showing SU(2)-invariance of w.

Finally, notice that the calculation on U, is fully analogous, except that
in this case 0 < § < 7 and {¢, 0} has a singularity at 6 = 7.

5.2.2 The Kirillov form on the coadjoint orbits of SU(2) in the
stereographic coordinate system

Another often used coordinate system to calculate the ‘local coordinate’
shape of the Kirillov form on the the two-dimensional spheres is the stereo-
graphic coordinate system. To this end, consider the stereographic projection
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that projects the two-dimensional sphere to the complex plane. This projec-
tion is depicted in figure 2.

north pole

e

south: pole Im(z)
o) P |
¢ I
C |
Re(@)[——————___ ‘ .

Figure 2: The stereographic projection. For any point P on the sphere (minus the
southpole), which we denoted by U_, there is a unique line trough the northpole and P,
and this line intersects the complex plane (which runs trough the southpole of the sphere)
in exactly one point z.

The plane x3 = 0 runs trough the southpole of the sphere, which coincides
with the origin of R?. Let M be the sphere minus the southpole (U_). For
any point P on M, there is a unique line trough the northpole and P, and
this line intersects the complex plane x3 = 0 in exactly one point z. The
stereographic projection of P is defined to be this point z. We denote the
distance from the southpole of the sphere to the point z by p. The stereo-
graphic coordinates z can thus be expressed in terms of the variables ¢, p.
We already know that the points on the sphere can be expressed in terms of
the variables 6,¢. So if we find an expression for p in terms of 6 (and the
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constant radius of the sphere R), this enables us to write z as a function of 6
and ¢ (and R). As we shall see, this will be helpful in calculating the Poisson
brackets between the independent coordinates, Re(z) and Im(z), that span
the complex plane.

To express p in terms of 6, consider the triangle in figure 3. We denote

Figure 3: The triangle A lifted from figure 1 and the small rectangular triangle B at the
‘top’ of A.

the triangle as a whole by A and the rectangular triangle at the ‘top’ of A
by B. Because both triangles A and B have angle v and a right angle in
common, their third angle should be equal too (the sum of the angles being
180° for every triangle). For triangle B we already know that this third angle
equals 6/2. Hence, the third angle of triangle A equals /2 too (see figure).
It follows that

tan(0/2) = % < p=2Rcot(0/2). (31)
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Consequently, Re(z) = 2R cot(0/2) cos(¢) and Im(z) = 2R cot(6/2) sin(¢).
Using Euler’s formula, cos(¢) + isin(¢) = €'?, we conclude that

z = 2Rcot(0/2)e", (32)

being the superposition of Re(z) and Im(z).

The next step is to calculate the Poisson brackets {Re(z), Re(z)}, {Re(z), Im(z)},
{Im(z),Re(z)} and {Im(z),Im(2)}. By formula (26) and in particular the
antisymmetry of wiBe()hRe()} - {Im(2)Im(2)} apq {Re(2)m(2)} it immediately
follows that

{Re(z),Re(2)} =0
{Im(z),Im(z)} =0
{Re(z2),Im(z)} = —{Im(z),Re(2)}.

So it is left to calculate {Re(z),Im(z)}. The most convenient way to do this
is expressing the bracket firstly in terms of {Z, z} and secondly to express
{z, 2z} in terms of the brackets {0, ¢}, {¢,0}, {6,0} and {¢,¢}. The last
four brackets we already calculated and hence {Re(z),Im(z)} can be writ-
ten as a function of the variables 6, ¢. By using the expression of z in terms
of 0, ¢ (and R) we can then write {Re(z), Im(2)} as a function of z, z (and R).

From the identities Re(z) = (2 + 2) and Im(z) = 5 (2 — 2) it follows
{Re(z),Im(2)} = {2+ 2,2 — 2} =
4%{2,2} B 4%‘{272} + 4%'{27 Z} B 4%‘{27 2} = 2%‘{27 Z}

To find the expression for {Z, z}, we in particular use the fact that the Pois-
son bracket is a derivation in its first argument, giving,

{z.2} = {22} =

— 4R*{cot(6/2)e™?, cot(0/2)e "} =

— 4R? cot(0/2){e, cot(0/2)e "} — 4R%*e*{cot(0/2), cot(0/2)e ¢} =
4R% cot(0/2){cot(0/2)e™"?, e} + 4R%e'*{cot(0/2)e~ ¢ cot(0/2)} =
4R?% cot?(0/2){e ", e?} + 4R? cot(0/2)e"{cot(0/2), e'*}

+ 4R%e™ cot(0/2){e ™, cot(0/2)} + 4R*{cot(8/2), cot(6/2)}.

We can now work out the four remaining brackets, using
{f(6,0), 9} = {0, 9} + 55{. g} and equation (28):

e {cot(0/2),cot(0/2)} =0
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o {e7%,69) = —jem[p, €0} = je"¥ [, ) = —e~0ei¥{p, 3} = 0
o {cot(6/2), 69} = —L(1 + cot2(6/2)){0, ¢} =

L(1+ cot?(0/2))ic*{g, 0} = e 02D

o {7 cot(0/2)} = L(1+ cot?(8/2))ie~*{p, 0} = Ut/ ©

As a consequence, the equation for {Z, z} becomes

{22} =

0-+A4R? cot(6)/2)e~ (Lo CBIET) 4 B2 cot(0/2) i ((LEeop 2Dy 1 —

8i RS2 (1 + cot®(6/2)) = 4iR (1 + cot?(6/2))”.

Using cot?(6/2) = 7% it follows that {z,z} = 4iR (1 + %)2. Hence,

{Re(=), Im(2)} = 2R (1 + :—;2)2 . (33)

Hence, the matrix w"” in (26) is given by

ww_( 0 230+%ﬁ)

T\ 2R(1+ &) 0

It clearly has a nonvanishing determinant, implying that it is invertible. The
inverse is given by

I e
(14 ) o)

Consequently, the symplectic form on U_ equals

1 27 \ 2 1 zZ \ 72
W= —5p (1 + 4_R2> dRe(z) A dlm(z) + 3R (1 + 4_R2> dlm(z) A dRe(z2)
1 2Z \ 2
1 27\ 2 _
= i5p (1 + 4_R2> dz NdZz. (34)

In subsubsection 7.3.2 will be discussed what the shape of the symplectic
form on U, is in terms of the coordinates z and z and what this implies for
the singularity structure of the symplectic form.
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Remark 5.2.2.1. Although sometimes z and z are treated as independent,
they are in fact not. The variables Re(z) and Im(z) are independent. This
is why we calculated the matrix w”” with respect to the basis {Re(z),Im(z)}
of the complex plane and only at the very end substituted z and z in the
expression for w. Notice, however, that the complexifications of z and z are
independent.

Indeed, w is closed:

do=it2 (14+ 25) " deAdz Ndz +iss (1+ 25) " dzAdz A dz =0,
Of course, because the form of w is independent of the choice of coordi-
nates, if w is closed in the spherical coordinate system, it is closed in any
coordinate system. Similarly, when w is SU(2)-invariant in the spherical co-
ordinate system, it is SU(2)-invariant in any coordinate system. We conclude
that equation (33) defines the Kirillov form on the two-dimensional spheres
in the stereographic coordinate system.
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6 (eometric quantization

-The correspondence between a classical theory and a quantum theory should
be based not so much on a coincidence between their predictions in the limait
h — 0, as on an analogy between their mathematical structures: the primary
role of the classical theory is not in approximating the quantum theory, but
i providing a framework for its interpretation.-

P.A.M. Dirac ([14])

Geometric quantization (abbreviated to GQ) refers to a body of ideas pi-
oneered independently by Souriau ([18]) and Kostant ([19]) in the late 60’s
and early 70’s. The aim of the GQ programme is to find a way of formulat-
ing the relationship between classical and quantum mechanics in a geometric
language, as a relationship between symplectic manifolds (classical phase
spaces) and Hilbert spaces (quantum phase spaces). The passage from clas-
sical to quantum mechanics depends on the introduction into the classical
phase space of an additional geometric structure called a polarization.

I will start this section with a formulation of classical mechanics in terms
of symplectic geometry, then discuss some criteria (axioms) which a quan-
tization has to satisfy, after which I give a heuristic discussion how to con-
struct a prequantum Hilbert space. This is the space corresponding to the
prequantization construction. Prequantization is a ‘weak’ version of quan-
tization, satisfying only a part of the axioms mentioned above. After this,
prequantization is formalized by using the ‘natural’ mathematical objects on
which one has to apply prequantization. After applying this prequantization
procedure the Hilbert space is still ‘too big’ and we need to reduce it. We
do this by means of polarizations, which are explained in the subsequent
subsection. Finally, equipped with all the necessary mathematical tools, we
construct the Hilbert space.

6.1 The mathematical framework of classical
mechanics

Symplectic geometry is the adequate mathematical framework for describing

the Hamiltonian version of classical mechanics. As such it is also the most

suitable starting point for a geometrization of the canonical (Dirac) quanti-
zation procedure.

The purpose of subsubsection 6.1.1 is to introduce the formalism of sym-
plectic geometry. Subsubsection 6.1.2 serves to establish the relation of this
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formalism with that of classical Hamiltonian mechanics.

6.1.1 A crash course in symplectic geometry

To start with, let us repeat definition 5.1,

Definition 5.1. A symplectic manifold (M,w) is a smooth manifold M
on which there exists a closed nondegenerate differential 2-form w (called the
symplectic form). In local coordinates:

w = wy,(x)dz" Ndz¥, dw =0,
where w,,, is an anti-symmetric, invertible matrix.

Furthermore, this implies that symplectic manifolds always have even dimen-
sion (see section 5.1).

The most important example of a symplectic manifold is the cotangent bun-
dle M = T*@Q of an n-dimensional manifold ). This is the set of pairs (p, q)
where ¢ € () and p is a differential 1-form at ¢. It is made into a vector bun-
dle (and hence into a manifold) by using as coordinates the set of 2n funtions
{pa, °} where the ¢°s are coordinates on Q and the p,s are the corresponding
components of the differential 1-forms p. {p,, ¢’} is called the extension to
T*Q of the coordinate system {q°}.

The symplectic structure on M is the differential 2-form w defined by
w = dp, N dg°. (35)
Indeed w defines a symplectic form:

(1) w is a differential 2-form, because it is of the form (1) for k = 2.

(2) w is closed. Indeed, define the 1-form 6 by
0 = padq”. (36)

From this, one sees that w = df, so it is globally exact and hence closed
since d o d = 0 by definition of the exterior derivative.

From this we can now show that expression (35) is invariant under
change of coordinates. Denote the transformed coordinates by {p,, ¢°}.
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Then the transformed and untransformed coordinates are related, using
the Einstein summation convention, via, ([20, p.181])

o _

It follows that

O = df = d(pdq") = d(p.35dg") =
d(pydq®) = df = w.

Hence (35) is invariant under change of coordinates.

3) w is nondegenerate. We write w = w,, (z)dz* A dx¥ = a;;dp' A dp’ +
% J
bijdg' A dg’ + ci;dp' A dg? + dijdg* A dp?. Since a;; = by = 0V 4,5 and
Cij = % Vi,j, dij = —% VZ,j we get

N _(0 %I)
p —ir o0 )°

where [ is the n x n identity matrix. Hence the determinant of w,,
is nonzero. We conclude that w,, is an invertible and anti-symmetric
matrix.

In typical physical applications, () is the configuration space of some me-
chanical system and T%() is the phase space of the system. The cotangent
bundle is a fundamental example since all symplectic manifolds have this
form locally. This follows from Darboux’s theorem, which we state without
proof (for the proof, see [7, p.7-9]).

Theorem 6.1.1.1. Let (M, w) be a 2n-dimensional symplectic manifold and
let m € M. Then there is a neighbourhood U of m and a coordinate system
{pa, "} (a,b=1,2,...,n) on U such that w|y = dp, A dqg*.

Consequently, in any symplectic manifold (M,w), it is possible to find a 1-
form 6 in some neighbourhood of each point such that w = d#; such a 1-form
is called a symplectic potential .

The symplectic form w gives, at each m € M, an isomorphism between
the tangent and cotangent spaces of M at m, w,, : T,, M — T M, expressed
in local coordinates as

X' Xwi. (38)
Indeed,
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® w,, is a homomorphism. Indeed,
Wi (X" +Y") =
(X' + Ywi = Xwip + Yiwig = wn (XY + wn (Y9).

® w,, is surjective. Take Y}, € T M. Then Y = X'wy = wn,(X?) for a
certain X°.

e w,, is injective. Suppose X'wy, = YJw; for certain X* Y7, Then
—wi X = —wp Y7 & whw, X = wh, Y7 & 61X = (5§-XJ
s X =Yl

This extends to an isomorphism between T'M and T* M and between vector
fields and one-forms on M,

X 5 i(X)w = 20(X, ),

where i(X) denotes the contraction of a differential form with the vector
field X, as in (38), i.e. the insertion of X into the first ‘slot’ of a differential
form. The conventions of section 2 are used in applying this contraction. It
is sometimes helpful to think of w as an antisymmetric metric on M; then
(38) corresponds to ‘lowering the index’ on X.

Therefore, the existence of w on a symplectic manifold allows us to asso-
ciate a vector field X to every function f € C*(M,R), the space of smooth
real-valued functions, via

Xf = Z(Xf)w = 2w(Xf, ) == —df (39)

In order to justify this statement we have to prove that for every function
f € C®°(M,R) we can establish the identity 2w(Xy,.) = —df. This means
that if we write X; = Sk% we can find an explicit expression for the coeffi-
cients &*. This is the case, as follows from

2w(Xy,.) = 2wyda' A da? (8552, ) = df () &
28R wyidad = 0; fda? &

8jf = 2§kwkj 54

¢F = 10; fwit,

where in the last identity the invertibility of wy; is used. We call a vec-
tor field X satisfying (39) a Hamiltonian vector field of f.

The Lie derivative of w along X is zero:
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L(Xf)w =d(i(Xf)w) 4+ i(Xy)dw = —ddf =0,

where the definition of the Hamiltonian vector field (39), the closedness of
the symplectic form w and the identity d o d = 0 are used respectively. This
implies by property (3) of the Lie derivative (see section 3.1) that

Sy (Pp)iw = L(Xf)w =0 &

(¢f);w = constant,

where ¢y : dom(Xy) C M x R — M is the flow generated by X; and
t € R. It follows that the flow ¢ leaves w invariant.

If (M,w) is a symplectic manifold and f,g € C*(M,R) we can globally
define the Poisson bracket by

{f,9} = 20(Xy, X,) € CF(M). (40)
It describes the change of g € C*°(M,R) along X (or vice versa), since

1,9} = —2w(Xy, Xf) = —i(X;)i(Xy)w = i(Xy)dg = dg(Xy) =
Xi(9) = L(Xf)g = —L(X,) [.

In local coordinates expression (40) matches with expression (27). Indeed,

{f,9} = 2w (X}, X,) = 2wydat A dxj(%wkl%a%k, %wm"a—gi) =

Doy bt O L gin 05— 108 jn 05

Oxl 2 oz 2 Oz ox™ .

Here is used the expression for the Hamiltonian vector field in local coor-
dinates (A.1), which is derived in the appendix. As promised, we will now
prove that {, } in (27) defines a Poisson bracket:

(1) {,} is a derivation: already proved at the beginning of subsection 5.2.

(2) {,} is anti-symmetric: follows immediately from anti-symmetry of w*”,
since w is a symplectic 2-form.

(3) {,} satisfies the Jacobi identity: let f,g,h € C*°(M,R) and let z* be
the local coordinates on M. Using the notation 0,9 = a%u g it follows
that

{f7 {97 h}} = {f7 _%augwwjauh} =
_%aafwmraw(_%augwuyauh) =
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i&,fw”é)ﬂﬁugw“”&,h + iagfw” GO O, h 4 %ﬂgfw‘maugw“”&r&,h.
Consequently,

(FAg m+ U g+ ol =
%Ggfcu::aﬂ@ugw“:(?,,h—i- %&fw:: ”gaﬂw“z&,h—l— %&fw:: ugw“:&,&,h—i—
%80 qw M&rﬁuhw“ V&, f+ 1;180 gwm (‘Lh&rw”y&, f+ 1180 gwm (‘Lhw“y 0.0, f+
P I O Pl g 0 Vil v
104 L G0 Ogh+70,gw"™ 0 hOrw ™0, f 4505 hw™ 0, f 0w 0, g
iauf&,g&,h(wmaﬂw”” + W’ OrwH + W Owh) = 0,

where in the second identity is used that the terms containing sec-
ond order derivatives of f, g or h cancel each other out by applying
suitable interchanges of indices (which is allowed since all indices are
summed over). In the third identity a similar interchange of indices is
applied. In the last identity the Jacobi identity for Poisson forms is
used, (A.3), proved in the appendix.

We have now established that the pair (C*°(M,R), {, }) forms a Lie algebra,
since the space of smooth real-valued functions is a linear space and {, } is a
bilinear map satisfying anti-symmetry and the Jacobi identity.

A very important identity, relating the Lie algebras of Hamiltonian vector
fields and smooth real-valued functions on M, is

(X5, Xy = X(1.9)5 (41)

where f,g € C*(M,R) and Xy, X, X(5,4) are Hamiltonian vector fields on
M. On the left hand side, [,] denotes the Lie bracket of vector fields, which
is defined by,

[X,Y)’ = X°0,Y" - Y*9,X°, (42)

for X, Y € Vect(M). In the appendix identity (41) is proved and from this
the fact is proved that the space of Hamiltonian vector fields together with
commutator bracket forms a Lie algebra.

Finally, we consider certain submanifolds of symplectic manifolds, which will

become important in the study of polarizations later in this thesis. Before
introducing these submanifolds, let us begin with the following definition.
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Definition 6.1.1.1. A symplectic vector space is a pair (V,w) in which
V is a 2n (n € Z) dimensional real vector space and w : V. xV — C is a
bilinear form on V' satisfying

e WX, Y)=—-wlY,X) X,Y €V (anti-symmetry),
e w(X,.)=0X=0 X eV (non-degeneracy).
With this information we can now define,

Definition 6.1.1.2. A Lagrangian subspace H C V is a subspace H of a
symplectic vector space V with the properties

o dim(H) = tdim(V) = n,

— 2
e w(X,Y)=0 X, Y e€H.

We are now ready to define the certain submanifolds of symplectic manifolds
mentioned previously. Analogously to the linear case,

Definition 6.1.1.3. A Lagrangian submanifold N C M is an n-dimensional
submanifold N of a 2n-dimensional (n € Z) symplectic manifold (M, w) sat-
isfying w|,n = 0.

To give some examples of Lagrangian submanifolds, let us again consider
the cotangent bundle 7*@Q of an n-dimensional manifold ). Then @ is a
Lagrangian submanifold of 7*@). Indeed,

(1) @ is a n-dimensional submanifold of 7*Q: if U are local charts on @,
then U x R™ are local charts on T*Q (the argument is analogous to
the one given in section 3 for the tangent bundle). Let ¢ denote the
functions ¢ : U x R™ — R?" corresponding to the local charts on T*Q.
It follows that QN (U x R™) = U x {0} = ¢~ (R" x {0}), which proves

the claim.

(2) wlpg = 0: the symplectic structure on 7*(Q) is given by the differential
2-form w = dp, N dq®. A vector field on the tangent space of T*@) can

be written as v = ULQ% + vg,a%. On T'Q it holds that v, , = 0 (since

pa = 0 on Q), so a vector field on T'Q) takes the form v = Uaa%a' Hence,
for v,w € TQ, w(v,w) = (dp, A dq“)(vba%))(vca%c) =0—-0=0. This
implies wl;q = 0.
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Furthermore, for fixed ¢ € @, the fibres T;(Q) are Lagrangian submanifolds of
T7(Q). In this case vy, = 0 in the above form for v and T;(Q) = R" gives the
n-dimensionality of T;().

Locally, any Lagrangian submanifold NV is given by the vanishing of n smooth
real-valued functions f; on M which are in involution, i.e. satisfying,

{fe, i} =0 V Kk, (43)

Indeed, the vanishing of n real-valued functions on M gives n restrictions

on M, reducing its dimension by n, leaving a dimension 2n — n = n for N.

Besides, {fs, fi} = 0 & X4 (fi) = qu%% = 0. Since the last equation
holds for all k£, this implies that the Hamiltonian vector fields Xy, are tan-
gent to [,{# = 0}, so that they locally span the tangent bundle TN. Then,

noticing that (43) holds if and only if w(Xy,, X,) = 0, this implies w|,, = 0.

This concludes our crash course in symplectic geometry. Many results of
modern symplectic geometry are not mentioned here, and the adventurous
reader is referred to the bible of symplectic geometry and classical mechanics,
[20], for a detailed account.

6.1.2 Symplectic geometry and classical mechanics

To establish the relation between symplectic geometry and classical mechan-
ics, let us start by recalling the formalism of classical Hamiltonian mechanics.
In the Hamiltonian formalism, the arena for classical mechanics in the sim-
plest mechanical systems is the phase space . This is a 2n-dimensional
(n € Z) real linear space, and hence isomorphic to R?*", with coordinates
{q',...,q", p1, ..., pn} describing the position and the momentum (velocity) of
the n particles involved. These coordinates are called canonical coordi-
nates . The dynamics (or time evolution) of the system is gouverned by
Hamilton’s equations , given by

4 08

dtq N 8pk

d oH

"= "o (44)

Here H = H(q*,pi.), the Hamiltonian , is a real smooth function on phase
space describing the energy of the system.

Typically, H is of the form H = T +V with T o« p?> = p*p, (Einstein
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summation convention used) the kinetic energy and V = V(¢*) the poten-
tial energy, minus whose gradient describes the forces acting on the particles.

As an example, let us consider the harmonic oscillator in one dimension
(n = 1). It is described by the Hamiltonian H = i(p? + ¢*). Hamilton’s
equations become

4 _,_ 08 _
71~ 4=, P
d oH

By substituting ¢ = p into p = —q it follows that § = —¢q. The solution to
this second order ordinary differential equation is a fimiliar one:

q(t) = Acos(t) + Bsin(t) A,B € R, (45)

leading to the characteristic oscillating behaviour. Since
q(0) = Acos(0) + Bsin(0) = A and p(0) = ¢(0) = —Asin(0) + Bcos(0) = B
we can write (45) as ¢(t) = ¢(0) cos(t) + p(0) sin(?).

If H does not depend on time explicitly, the equations of motion (44) imply
that H is conserved along every trajectory in phase space. Indeed,

dt ak 3pk

OHOH O0HOH

“OFOp. O od o

where again the Einstein summation convention is used. The evolution of
any other smooth real-valued function on phase space, called an observable,
is given by

(9 f of .

—f " + B
Pk
of oH Of OH
:_f_ _Of oH (47)

dq* Opr. Opx, Og* .
In the example of the harmonic oscillator in one dimension, the conserva-
tion of the Hamiltonian along any trajectory in phase space implies that
4H =4 (1(p*+¢%)) =0« p?+ ¢* = Constant € R. Since Constant € R,
We can erte Constant = r? for some constant r € R. Hence the phase space
trajectories of the one-dimensional harmonic oscillator are circles of radius
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r. This is in agreement with the explicit solution of the equations of motion
(45), since
q(t)* + Pt ) = ((0) cos(t) + p(0) sin(1))* + (p(0) COS( ) — q(0)sin(t))* =
q(0)* cos®(t) + p(0)* sin®(t) + 2¢(0 )p(0)
—2q(0)p(0) cos(t) sin(t) + p(0)* cos?(t)
q(0)*(cos?(t) + sin®(t)) + p(0)*(cos®(t)
q(0)? + p(0)? = Constant.
The equations (44), (46), (47) characterize Hamiltonian mechanics. They
arise naturally in the formalism of symplectic geometry if we look at R?"
as the cotangent bundle T¥*R™ = R"™ x R" of the configuration space R",
equipped with the symplectic form (35). If we write the symplectic form w
from (35) as wy,daz* A dz”, then we already derived in subsubsection 6.1.1
that

0 I
=110

By Cramer’s rule, the inverse matrix is given by

0 —2I
w
w —(21 0>‘

Hence, using the form of a Hamiltonian vector field in local coordinates,
(A.1), derived in the appendix, the Hamiltonian vector field X of a function

f(q*, s q", p1, ..., Pn) equals

X c
(0)p(0 +(O sm()
2 +s

1 af o
—_—— pr_—<
X 2“ Bk Oz
ol 0 _0f 0 0f 0 0f 0
Opi Op*  0¢* Opr ~ Opy, Og* 9q* dgy,
aof o af o
A ok Ak a0 4
Ipr 0¢* 0" Ipy, (48)
. Therefore the Poisson bracket equals
df dg  Of Og
X — - = 4
(1} = X1l0) = 555~ 5o (19)

. It follows, that the Poisson brackets between the coordinates and momenta
(called the canonical Poisson brackets) are

64



{qm7ql}:&l_’"f’_ql_aq_m3_ql:0_0:

{pmp} = B gt — G gl =0-0=0

Opk 6ql gk 819;;
N _ 9m 8¢ _ Opm Oq _ sk sl _ ) — sl
{pm7 q } - Bpk aqk 8qk 8]% — 5’m5k O — 5m

The functions ¢* and p; form a so-called complete set of observables. This
means that any observable which Poisson commutes (has vanishing Pois-
son brackets) with all of them is a constant (which means constant in all
coordinates and momenta). Indeed, suppose that an observable f Poisson
commutes with all coordinates and all momenta. Then

I _ 9f 9¢ of 9¢" _ Of _

__ Of op of dp __ af
{:0} = 55008k — s ope = —agm = 0 VL,

which implies f(¢',...,¢", p1, ..., pn) = Constant.

: _ OH 8¢ _ 9H d¢' _ 9H __0H OH Op _ _ 8H
Since {H,q'} = 5050 = Gy ap = o, and {Homi} = 5050 — S = g
in the formalism of symplectic geometry (44) becomes

(1) & o = {H.q}, Sp = (H,p) (50)
dtq - v q g dtpl - yPly-
Similarly, since {H, H} = gTHkg—qu - g—g%, (46) becomes
(46) < {H,H} = 0. (51)
Finally, since {H, f} = %% — %%, (47) becomes
d

so time evolution in Hamiltonian mechanics is determined by the Hamilto-
nian vector field Xz of the Hamiltonian H.

A first advantage of this new formulation, is that it makes manifest the form
invariance of the equations of classical mechanics under symplectomorphisms
(diffeomorphisms leaving the symplectic form invariant), since the Poisson
bracket is defined in terms of the symplectic form. Because canonical trans-
formations are a particular type of symplectomorphisms, the form-invariance
of the equations of classical mechanics under canonical transformations (in
particular coordinate transformations) is also manifest.

A second advantage of this formulation is that it generalizes immediately
to more complicated systems where the configuration space is some curved
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or compact symplectic manifold. The necessity to consider such more exotic
systems in physics has arisen in recent years in a number of different con-
texts, e.g. for the description of internal degrees of freedom and in conformal
field theory.

6.2 From classical to quantum mechanics

As mentioned earlier, the aim of the geometric quantization (GQ) programme
is to formulate the relationship between classical and quantum mechanics in
a geometric language. At the classical level the state space is a symplectic
manifold (M, w) and the observables are smooth real-valued functions on M.
At the quantum level, the states of a physical system are represented by rays
in a Hilbert space H and the observables by a collection Q of Hermitian
operators on H. Let us explain all this terminology. To start with,

Definition 6.2.1. A Hilbert space H is a complex inner product space
that is also a complete metric space with respect to the distance function
induced by the inner product.

Here,

Definition 6.2.2. A complex inner product space is a vector space V
over the field C together with an inner product , i.e. with a map,

(-,-) : V. xV — C that, for all vectors z,y,z € V and all scalars a € C,
satisfies

e Conjugate symmetrie: (z,y) = (y, ),

e Antilinearity in the first argument:
(ax,y) = alz,y),
<ZE + y,Z> = <$7Z> + <y72>;

e Positive-definiteness: (z,z) > 0 with equality only for z = 0.

The inner product in this Hilbert space is necessary for the probabilistic
interpretation of the theory and is thus of fundamental importance. The
existence of this inner product allows us to define a norm , which is the real-
valued function ||z|| = /(z,z). This function is real-valued since the inner
product is conjugate symmetric, from which follows (z,z) = m The
distance function between two points x,y € V is defined in terms of the
norm by d(x,y) = ||z — y||. The terminology ‘distance function’ is justified
by the fact that d(z,y) is symmetric (d(z,y) = d(y, z)), the distance between
points z and y is non-negative (d(z,z) > 0), only zero if = y, and d(z,y)
satisfies the triangle equality (d(z, z) < d(z,y) + d(y, z)). Now,
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Definition 6.2.3. A complete metric space is a metric space M, i.e. a
non-empty set equipped with a distance function (called a metric), that is
complete, which means that every Cauchy sequence of points in M has a
limit that is also an element of M.

Since it is now clear what a Hilbert space is, we can say what rays in a Hilbert
space are, which were the quantum states. Each point (vector) in the Hilbert
space (apart from the origin) corresponds by definition to a so-called pure
quantum state . Since multiplying this vectors by non-zero complex scalars
leaves the Schrodinger equation invariant, two vectors that differ only by a
non-zero complex scalar are considered to correspond to the same state. In
this sense, each pure state is a ray in the Hilbert space.

Finally,

Definition 6.2.4. A Hermitian operator on a Hilbert space H is a linear
map Q) : H — H for which (Qz,y) = (z,Qy), for z,y € H and (-,-) the
inner product on H.

The first and simplest problem of quantization concerns the kinematic rela-
tionship between the classical and quantum domains. The kinematic problem
is: given M and w, is it possible to construct H and Q7 In the rest of section
6, we will shed more light onto this problem. A more subtle problem concerns
the dynamical relationship between the classical and quantum domains. This
problem will not be treated in this thesis.

Classically, the space C*°(M,R) of observables has in addition to the Lie
algebra structure provided by the Poisson bracket, the structure of commu-
tative algebra under pointwise multiplication, since then for f,g € C*°(M,R)
and x € M, we have:

(f9)(x) = f(x)g(x) = (9./)(x). (53)

It is this property which has to be sacrificed when moving from the classical
to the quantum theory. As already discussed in the introduction, the non-
commutative nature of observables is at the heart of phenomena in quantum
mechnanics.

Denote by S a subalgebra of C*°(M,R) (that is, a subspace of C*°(M,R)
which is closed under pointwise multiplication of smooth real-valued func-
tions on M). Let us look at quantization as an assignment

Q : S — operatorson H [ +— Q(f) (54)
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of operators Q(f) on some Hilbert space to classical observables f. Ab-
stracting from the analogy between classical mechanics and Schrodinger and
Heisenberg quantum mechanics (for example, by using the observations from
the experiments described in the introduction) the assignment () has to sat-
isfy some requirements. Firstly,

(Q1) R-linearity:

Qrf+9)=rQ(f) +Qg) YreR, fges. (55)
Secondly,
(Q2)

[Q(S), Q(9)] = —ihQ({[, 9})- (56)
Here [-, -] denotes the Lie bracket of vector fields and h is Planck’s constant, a

constant of nature characteristic of quantum effects. It is a very small num-
ber (A ~ 1.05457162853 x 10~3*Joule - second), and for most macroscopic
considerations the fact that it is not zero can be neglected. Treating h as a
parameter, and taking the limit 2~ — 0 (which is considered to be the limit
corresponding with classical mechanics), one recovers from (Q2) the commu-
tative structure of classical mechanics. At the microscopic level, however,
effects of order A can no longer be neglected and here classical mechanics
needs to be replaced by quantum mechanics.

In quantum mechanics, the eigenvalues of operators on the Hilbert space
H correspond to the possible results of measurements, and are hence real.
This justifies that the operators @ on Hilbert space are taken to be Hermi-
tian, since Hermitian operators have real eigenvalues. Indeed, suppose Q has
eigenvalue ¢ € C, that is Qz = qx Vo € H and let again (-,-) denote the
inner product on H. Then for z,y € H,

(Qu,y) = (z,Qy) & (qz,y) = (v,qy) < q@(z,y) = (qy.2) = q(y,z) = q(z,y)
S i=qgeqgeR.

So thirdly,
(Q3)
QUNz,y) = (2, Q(f)y) fes, xyeH. (57)
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The three requirements above can be summarized in one single statement,
using definition 3.4.6, with H the complex vector space and (S, {-,-}) the Lie
algebra, where {-,-} denotes the Poisson bracket. That is, the operators in
(@ form a representation of a subalgebra S of the classical observables. This
statement is Dirac’s quantum condition (see [14]) and Dirac formulated it
by saying that the Poisson bracket is the classical analogue of the quantum
commutator.

However, the quantum condition does not, in itself, uniquely determine the
underlying quantum system. Furthermore, not every Hilbert space and op-
erators that satisfy it represent a ‘physically reasonable’ quantization. There
are some guiding principles about when a quantization is ‘physically reason-
able’. First of all, S must contain the constant functions in C*°(M,R) and
these must be represented in () by the corresponding multiples of the identity
operator. This is equivalent to:

(Q4)
Q1) =1, (58)

with 1 the constant function (1 : M — R m ~ 1) and I the identity oper-
ator (I : H - H x ~ x). This ensures by (Q2) that {p,,¢°} = 1 at the
classical level implies [Q(q), Q(p)] = ¢kl at the quantum level, required by
the uncertainty principle (see, for example, [29]).

Secondly, requiring only Dirac’s quantum condition and (Q4), the Hilbert
space is still ‘too big’ and we need some irreducibility condition to make
it smaller, which appears to be a natural requirement. In general, we can-
not have a one-to-one correspondence between @ and the whole of C>°(M)
without making H ‘too large’ and the selection of a subalgebra S for which
(Q1), (Q2), (Q3) and (Q4) should hold involves picking out some additional
structure in M.

One way to phrase this irreducibility condition makes use of the concept of
a complete set of observables introduced in subsubsection 6.1.2. In complete
analogy, a complete set of operators is defined such that the only operators
which commute with all the operators from that set are multiples of the
identity operator. The condition is then formulated as:

(Q5) If {fi,..., fr} is a complete set of observables, {Q(f1),...,Q(fx)} is a
complete set of operators.
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However, GQ uses another approach to make the Hilbert space irreducible,
using so-called polarizations. Let us for a moment put aside the problem
of the ‘size’ of H and look at a construction for H and @ where only the
symplectic structure on M is used and where there is an operator in Q for
every classical observable in C*°(M, R) (so not only for observables in ). So
() works on the whole of C*°(M,R) and satisfies an extension of (Q1)-(Q4)
to all f € C*°(M,R). Such an assignment is called a prequantization and
shall be treated next.

6.3 A heuristic discussion of prequantization

The prequantization construction is already sophisticated, since the pre-
quantization Hilbert space consisting of ‘ordinary’ (square-integrable) scalar
functions associated with the classical symplectic manifold M, appears not
to be the correct prequantum Hilbert space to consider. The (square inte-
grable) scalar functions do not have the correct transformation properties.
The objects which do have the correct transformation behaviour are called
sections (see section 3). However, since most of the readers of this thesis will
be more familiar with scalar functions than with sections, to gain intuition
for what prequantization actually is about, it pays to first naively consider
the wrong prequantum Hilbert space consisting of (square-integrable) scalar
functions. Immediately diving into new formalism would only distract us
from the main idea of this section.

In the quantization process an important role is played by the identity proved
in the appendix,

[Xf, Xy] = X{f,g}w (39)

where f,g € C*(M,R) and Xy, Xy, X{s4 are Hamiltonian vector fields on
M. Using definition 3.4.6, with C*°(M,R) the linear space and
(C*(M,R),{-,-}) the Lie algebra, this identity shows that Hamiltonian vec-
tor fields give a representation of the classical Poisson bracket algebra by
first order differential operators on M. To see this, notice that a Hamilto-
nian vector field is an element of End(C*°(M,R)) and that the map

¢ : C®°(M,R) = End(C>*(M,R)) f+ X;is a Lie algebra homomorphism
from (C*(M,R),{-,-}) into End(C*°(M,R)). Indeed,

o({f,9}) = Xirgy = [Xp, X = [0(), 0(9)]-

The classical phase space M carries a natural measure,
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= (— ln(nfl)i n—(_ ln(nfl)i

€w = (—1)2 o =(-1)2 YA AW, (59)
n times

for n € Z and w = dp A dq, the symplectic form on T*() with @ a

1-dimensional manifold. ¢, is called the Liouville form .

Let the Hilbert space associated with M be the space L?*(M,C) of square-
integrable, smooth, complex-valued functions on M, with the inner product

)= (557) [ otes oweraro, (60)

Recall that a ¢ € L*(M, C) is called square-integrable if [, ||¢|* e, is finite.
Here ||-|| is the norm on the Hilbert space L?*(M,C) induced by the inner
product (-, ).

Let us try to find the assignment @) in (54). Using definition 3.4.1 (and the
remark beneath), each classical observable f € C*(M,R) acts on the set
L*(M, C) according to

¢ — —ihX;p; ¢ € L*(M,C). (61)

To see this, note that C°°(M,R) is a group under pointwise addition and
that the map @ : f — —ihX; is a group homomorphism. Indeed, using
(A.1), it follows that Q(f + g) = —ihX 1, = —ihX; —ihX, = Q(f) + Q(9).
Furthermore, since the map in (61) is clearly linear, it follows that @ is a
representation of C°(M,R) (with pointwise addition as group operation) in
L*(M,C).

The assignment @ in (54) corresponding with this representation is indeed
the map @ defined above. For simplicity, let us denote the extension of (Q1)-
(Q4) to all f € C*(M,R) just by the same (Q1)-(Q4). Unfortunately, @
cannot be a correct prequantization, since condition ((QQ4) is not satisfied.
Indeed, Q(1) = —ihX; = 0 # I. Here 1 and I are the constant function,
mapping every element in M to 1 € R and the identity operator defined
previously.

Trying to remedy this, we propose a second attempt for the assignment (@),

Q: C°(M,R) — End(L*(M,C)) f+ —ihX;+ fI (62)

71



In this case, we indeed have Q(1) = —ihX; + 11 = 1] = I. But unfortu-
nately, in this case (Q2) is not satisfied, since

—W2[X;, X, — ik Xy, gI) —ih[f1, X, + [f1,9I] =
—1* X9y — thXf(g)] +ih Xy (f) + [f, g]] =
WX 19y — 200 f, g} ] = —if(—ihX (s + 2{[, g}]) # —ihQ({[. g})-

In the third identity, we used the identity (41) and the fact that for ¢ €
L*(M,C) the identity [Xy, g](¢) = X((9¢) — 9X;(¢) = X;(9)¢ + gX () —
9X(¢) = Xy(g9)¢ holds. In the fourth identity we used equation (49) and
the commutatitivity of real-valued smooth scalar function under pointwise
multiplication.

Suppose, w = df for some 1-form @, the symplectic potential. Adding another
term, the assignment

Q: C™(M,R) — End(L*(M,C)) fwr —ihX;+ fI —0(X;)I, (63)
does satisfy all conditions (Q1)-(Q4). Indeed,

e (Ql): Let r e R, f,g € C*°(M,R). Then

Qrf+9) = —ihX, g+ (rf + 9) — 0( X, 1) =
rXe+ Xg+rfl+g9l —0(r X+ X, ) =
r Xy +Xg+rfIl+gl —r0(Xp)I —0(X)I =rQ(f) + Q(g)-

e (Q2): Noting that real-valued smooth scalar functions commute under
pointwise multiplication, for f,g € C*(M,R),

Q). Q9)] = [—ihX; + I — 6(X /)L, —ihX, + gl — 6(X,)
12X (1) — 2h{ £, )T + ih[X}.0(X,)1) +ihO(X )1, X,
—th{fyg} — 2ih{f, g} + ih[Xf, H(Xg)l] + ih[Q(Xf)I, Xg] =
12X gy — 20h{f. g} + ih(X (X, )] — X, (0(X,))1.

=

<

Simplifying further, using

0(Xy) = 0ida'(X3525) = 0;X7da' (55) = 6, X}, it follows,
X5(0(X,)) = X, (0(Xy) = X30:(0,X7) — X;0:(0,X7) =
XH(0:0;)X] + X10;(0,X7) + X1(9:6;) X} + X16;(0,X7) =
2wy X] X9+ 0;(X10: X7 — X109, X5 = {f. g} + 0;[ X, X)) =
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{f.g}+90, X{fg} {f, 9} +0(X(1.9y)-

This indeed leads to

[Q(f),Q(9)] = —W*Xyp.gy — 2ih{ f, g} +ihI({f, g} + 0(X(5gy) =
—ih(—ihX(s gy — 0(Xipgy) + 11 9}) = —ihQ({f, 9})-

e (Q3): Using the expression for the inner product, (60), on L*(M,C),
for f € C*(M,R), ¢,¢ € L*(M,C), we have

QU)o v) = (35)" Ju(—ihXy () + o — 0(X[)9)vbe, =
(57)" fM Gih X4 (5251) + foh — O0(Xp)dn)e, =

(525)" Jar(9—ihX (=) + 6 F0 — O(X)v)e, =
(55)" [y QU e, = (6, QUF)¥).

Here, in the second equality we used partial integration in the first
term of Q(f) (choosing the boundary conditions on ¢, € C*(M,R)
such that the ‘boundary term’ appearing after partial integration van-
ishes), the identity X; = = X fa ; and the invariance of €, under Xjy.
In the third equality is used that f, X} and 0(Xy) are real-valued.
Furthermore, the hermiticity of the derivative operator is used here.

o (Q4): Q1) =—ihX1+11—-6(X,)I =11 —0I = I, with 0 the zero map
difined previously. Indeed, by linearity of 6 it follows that 6(X;) = 0,
since 0(0) = 0(r0) = r0(0) = 6(X;) = 0(0) =0 (r € R).

However, there is still a difficulty with the last assignment (). It depends on
the choice for the symplectic potential . So @ cannot be defined globally
unless w is exact (see Darboux’ theorem). At first sight, a way to escape
this problem, is by means of so-called gauge-transformations : replace 6
by 6 = 6 + du for some v € C*°(M,R). Then, w is invariant under this
transformation, since w’ = df’ = d(0 + du) = df + ddu = df = w. Replace
¢ € L*(M,C) by ¢ = exp(iu/h)¢. Then the inner-product (and hence the
physics involved, since the inner product is the probability measure) is in-
variant under this transformation. Indeed, for ¢, € L*(M,C),

(exp(iu/h)g, exp(iu/h)e) = (517)" [, exp(iu/h)d exp(—iu/h)e, =
(527)" Jus xp(iu/h)d exp(—iu/h)ibe, = (6, ).

The transformed quantization assignment equals
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—ihX;¢' = 0'(X;)¢' + f¢' =

—ihX glexp(iu/R)6) — (8 -+ du) (X) expliu/R)o + f exp(iu/h)é —
—ihexp(iu/h) X ¢(p) — th(i/h) exp(iu/h) X f(u)p — 0(X ) exp(iu/h)p—
Xy (u) exp(iu/h)p + f exp(iu/h)¢ =

—ihexp(iu/B)X () — 0(X ) explin/ W) + f expliu/) =
exp(iu/h)(—ihXs(¢) — 0(Xs)o + fo).

Hence Q(f) becomes independent of the choice of symplectic potential.

Another problem remains: u is determined by 6 and ¢’ only up to a constant,
since d(u + Constant) = du + dConstant = du. So given 6, #', and ¢, there
is an ambiguity in the overall ‘phase’ of ¢':

¢ = exp(iu/h)¢ = exp(i(u+Constant)/h)¢ = exp(iu/h) exp(iConstant/h)ep.

To take this into account, and to put the prequantization construction on
a more rigorous foundation, Q(f) must not act on functions in L*(M,C)
(subject to gauge-transformations), but on the sections of a Hermitian line
bundle-with-connection.

6.4 Formalizing the discussion

A natural way to continue is to explain what a Hermitian line bundle with
connection is. Furthermore, for a Hermitian line bundle with connection
to exist some condition needs to be satisfied. In order to understand this
condition one needs to have some knowledge of Cech cohomology. This
subsection serves to explain the new mathematical luggage needed in order
to put the prequantization construction on a more rigorous foundation.

6.4.1 Putting more structure on vector bundles

To start with, noting that C is a vector space,

Definition 6.4.1.1. A line bundle is a vector bundle with K = C and fibre
dimension 1.

Let X be a line bundle over the real manifold M. Recall (see section 3) that
a section over U of a line bundle X is a map s : U C M — X satisfying
pr(s(m)) = m ¥Ym € U. We denote the set of all smooth sections over U
of a line bundle X with I'x(U). It is a vector space, where the scalars are
C-valued functions on U.
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Denote by Vect(M, C) the space of smooth complex vector fields (so multi-
plication by complex numbers is included in the scalar multiplication) on M
and by C*(M,C) the set of smooth complex-valued funtions on M. Now
define,

Definition 6.4.1.2. A connection V on X is a map V : Vect(M,C) —
End(T'x(M)) that assigns to each X € Vect(M,C) an operator Vx on
['x (M) such that

(a) fo+y = fVx+Vy;, fe€ OOO(M, (C),X,Y S VGCt(M, C),
(b) Vx(fs)=X(f)s+ fVxs; X € Vect(M,C),s € T'x(M),
(c) Vx(s+5)=Vx(s)+Vx(s); X € Vect(M,C),s,s" € I'x(M).

A line bundle equipped with a connection is called a line bundle-with-
connection. We still need more structure on the line bundle. Let m € M,
and let s, € I'x(M).

Definition 6.4.1.3. A Hermitian structure on a line bundle is an inner
product

():({m}PxC)x({m}xC)=2CxC—-R

s(m) x §'(m) — (s,s)(m) = (s(m), s'(m))

in each fibre that is smooth in the sense that

H:X —R (m,s(m)) — (s,s)(m) is smooth.

A connection V and a Hermitian structure (-,-) are called compatible if
for every X € Vect(M,C) and for every s,s € I'x (M) we have
X(s,sy =(Vgs,s)+ (s,Vxs). (64)

Here X denotes the formal complex conjugate of the complex vector field
X. The formal complex conjugate of X satisfies by definition the following
rules,

e X +Y =X +Y with XY vector fields.

e \X = )X with X a vector field, A € C and A the complex conjugate
of \.

A line bundle equipped with a connection and a Hermitian structure which
are compatible is called a Hermitian line bundle-with-connection .

Let X be a line bundle-with-connection V over M.
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Definition 6.4.1.4. The curvature 2-form of V is the complex differential
2-form €2 on M determined by

Q(X,Y)s = %([VX, Vy] = Vixy)s: X,Y € Vecl(M),s € Tx(M). (65)

Here [Vx, Vy] = VxVy —Vy Vx is a commutator bracket. Indeed €2 defines
a differential 2-form:

(1) Q is anti-symmetric in X,Y € Vect(M), since

QX,Y)=%([Vx,Vy] = Vixy) = :(—=[Vy,Vx] = V_py.x) =

H(=[Vy, Vx| + Viyx) = —QY, X).

In the third equality property (a) of the connection is used.

(2) Q is bilinear in X,Y € Vect(M). Suppose X = f1X; + X for
f1 € C®°(M,R), X, X5 € Vect(M). Then, using properties (a) and (b)
of the connection,

[VX, VY]S = [Vf1X1+X2’ VY]S = [flv)ﬁ + VXQ’ VY]S =

[[1Vx,, Vy]s+[Vx,, Vyls = fiVx (Vys)=Vy(fiVxs)+[Vx,, Vy|s =
fiVx,(Vys) = fiVy(Vx,s) =Y (f1)Vx,s + [Vx,, Vy]s =

fl[VXl, VY]S -+ [VX2, VY]S — Y(fl)les.

And,

V[X:Y}S = v[f1X1+X2,Y]S = v[lel,Y]S + V[me]s =
Vi ys+Voyx s+ Vixys = iVix vis =Y ([1)Vx, s+ Vix, vs.

In the third equality is used that [f1X1,Y] = fi[X1,Y] — Y(f1) Xy
is satisfied by the Lie bracket for vector fields. Consequently,

Q(X,Y)s =
%<f1V[X17y}S—Y(f1)VX1S+V[X27y}8—f1V[X17y}S+Y(f1)VX1S—V[X%y}s) =
12X, Y) + Q(Xo,Y).

Hence, () is linear in its first argument. That it is linear in its sec-
ond argument is proved fully analogously.

Furthermore, 2 is also linear in s over C*°(M, C). Firstly, using property (c)
of the connection, for f; € C*°(M,C), s1,59 € T'x (M),

76



[Vx, Vyl(fis1 + 52) = Vx(Vy(fi51)) = Vv (Vx(fis1)) + [Vx, Vy]ss =
Vx(Y(fi)s1+ fiVysi) = Vy(X(f1)s1 + fiVixsi + [Vx, Vylsy =

XY (f1))s1 +Y(f1)Vxsi + X(f1)Vys1 + fiVx(Vysi) = Y(X(f1))s1
— X(f1)Vys1 =Y (f1)Vxs1 — fiVy(Vxs1) + [Vx, Vylsy =

fl[VX, Vy]Sl + [Vx, VY}SQ -+ [X, Y](fl)sl.

And,

Vixy(fis1 +s2) = [X,Y](f1)s1 + /iVixys: + Vixyise.
It follows that,

QX,Y)(fis1+ s2) =

5([1lVx, Vy]s1 + [Vx, Vylss + [ X, Y](f1)s1
- [X, Y](f1)81 - flv[X,Y]Sl - V[X,Y]SQ) =
[Q2AX,Y) sy + Q(X,Y)ss.

Let (U, %) be a local trivialization of X. Define the map
1:UCM— X mw— (m,1(m)). (66)

where 1 € C*(U, C) denotes the identity map 1: U — C m ~ 1. The map
(68) is clearly a section on U C M, since the image of ¥|,, is pr—!(m). It
follows that pr(s(m)) = m, as was to be shown. It is called the unit section.
Let X € Vect(U). Let 5 be the complex 1-form defined on U by

B(X)1 =iVl (67)

Notice that one can always define such a 1-form [ in this way, since, first
of all, both sides of the equation are linear in X. On the one hand, [ is a
1-form and so by definition linear in X. On the other hand, the connection
is by definition linear in X by property (a) of the connection. Furthermore,
every function can be written as the composition of a 1-form and a vector field
(by definition) and every section can be written as a complex-valued function
times some other section (since I'x (M) is a vector space with complex-valued
functions as scalars). f is called the potential 1-form for V. We claim that
a general section s on U C M can be written as a complex-valued function
times the unit section. Indeed a general section s on U C M can be written
as

s:UCM—X m—y(m,f(im)), (68)
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where f € C°(U,C) is a general smooth complex-valued function. Since
1(m) =1 € C ¥Ym € U is a complex basis vector for the one-dimensional vec-
tor space C, it follows that 1 is a basis vector for the complex one-dimensional
vector space ['x (M ). The claim follows. It follows that we can write the con-
nection of a general section s as,

Vxs=Vyx (f1)=X(f)1+ fVxl=
X(H1+ f (=iB(01) = X(H)1 - iB(X)s. (69)
With expression (69) we are able to show that the curvature 2-form of V

is a closed form. Writing out the right-hand side of definition (65) for
X,Y € Vect(U), s € I'x(U), using (69) and (67), gives

%([VXaVY] Vix,y))s :%<VXVY_VYVX— X,y])s =
ﬂk(()ﬂﬁ))%?((ﬂ-ﬁ())(WYW?ZMMY%>A
s XYL+ 3V () Vil + 5(—iX (B(Y))s) + 5(=iB(Y)Vxs) — 3V (X (/)1
—5X(f )Vyl—-( Y(B(X))s) — 5(—iB(X )VYS)

XYL 180, V])s) = -

sY(f )VX1+ (=X (B(Y))s) + 5(—iB(Y)Vxs) — 5 X(f)Vyl

2L CV(B)S) — $(—iB0)Vrs) — S(iB(IX, Vs = A
s X(B(Y))s—3Y (B (X)) s—3B([X, Y])s+3Y () (=iB(X)1)—5X (f)(—iB(Y)1)
+3B()X ()1 = 38(X)Y(f)1 = 58(Y)B(X)s + 58(X)B(Y)s =

s X(B(Y))s = 3V (( ))s — 38X, Y])s.

In the fourth equality is used that X(Y(f)) — Y(X(f)) = [X,Y](f) for
X,Y € Vect(U), f € C(U,C). As a next step to establish the closedness of
the curvature 2-form 2, we prove that

dB(X,Y)s = 3X(B(Y))s — 3V (B(X))s — 3B([X,Y])s,

the expression with which the derivation above ended. Denote the set of
local coordinates on the n-dimensional manifold B by {z'}1<i<, . Writing
X = X2 for X € Vect(U) and 8 = B;da? for the potential 1-form 3, it
indeed follows that

dB(X,Y) = d(B;dx?)(X,Y) = (df; Nda?)(X,Y) =

(Lidat A da? ) (X5, Y520y = 1200 (XiyT — YViXT) =
0oy -yl -

(X (BY7) = BXTYT = Vi (8,X0) + BiY i XT) =

(XB(Y) = Y B(X) - BilX. YY) = 3X(B(Y)) = 3Y (B(X)) — 38(1X,Y)).

N =0
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It follows that on every neighbourhood U C M we have () = df3. Hence on
every U C M the identity dQ2 = (d o d)5 = 0 holds, hence {2 is closed.

Another ‘tool’ we will need in the next section are so-called transition func-
tions. Let (Uy, 1) and (Us, 1)) be two local trivializations of M and take
the intersection U; N U non-empty.

Definition 6.4.1.5. A transition function between (U, v, ) and (Us, 1)9)
is the function cio : Uy N Uy — C defined by

¢2|(U1mU2)xc(m, Z) = Clz(m)¢1|(UmU2)xc(m, 2)- (70)

Notice that this function is well defined, since 11 (m, z) and (m, z) both
take values in the fibre over m. Indeed, by definition

U19|m : {m} x C — X, so that 1 2(m, z) = ¥12|m(2) are values in X,,.
Since the X, = C are by definition vector spaces over C, it follows that its
elements can be multiplied by complex numbers, such as ¢13(m).

We quote without proof, that it is always possible to find a collection {(U;, ¢;)}
of local trivializations of X such that {U;} is a contractible open cover of M
(which means that each U; and each finite intersection of Ujs is contractible
to a point). Denote the unit section determined by (Uj, ;) by ij. Then
we know from previous discussions that any s € I'(M) can be written as
8; = fij on U; for some f € C*(U;,C). In particular, on each nonempty
U j N Uz =U jis

~ ~

1Z|U]z<m> = Cji(m)1j|Uji<m)7 (71)

where ¢;; is the transition function between (U;, ;) and (U;, ;). Indeed, ¢j;
being a transition function means by definition that it satisfies the equation
¢i|UﬂXc(m, z) = cji(m)¢j|UjiX@(m, z). It follows that

~

Lilu,, = Wilu,xe(m, 1) = cji(m)iylu, xc(m, 1) = c;i(m)1j]y, (m),
as stated by (71).

Whenever U, N U; NU; = Uyj; is nonempty, the transitions functions satisfy
the relations

cij = (c0) 7", (72)
Crilua, (M)Cjilu,, (M) ciklu,, (m) = 1. (73)
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Notice that (c;;) ™! denotes the inverse of (¢;;) with respect to pointwise multi-
plication. First we prove property (72). Note that c;; satisfies ¥;|y, xc(m, 2) =
¢ji(m)jlu, xc(m, z) and c;; satisfies 95|, xc(m, z) = cij(m)ilu, xc(m, 2).
Consequently, ¢;; = (¢;;)~" is smooth (since v;, 1; are smooth) and

wi‘UﬁXC(mv z)w]' UinC(mv Z) = Cji(m)cij(m)wi UinC(mv Z)wj|Uji><C(m7 Z) A

cji(m)ez(m) =1 ¢y = (c;) ™.

Here is used that U;; = Uj;. To prove relation (73) we first construct func-
tions ¢j; : Uj; x C — Uj; x C from the original complex-valued scalar functions
cji - Uj; — C. This can be done by means of the map

C}L’ : Uji xC— Uji X C, (m,z) — (m, cji(m)z) (74)

which is well-defined, since m € Uj; and ¢;;(m)z € C. Notice that this map
is a diffeomorphism,

e ¢j; is smooth: This follows directly from the definition, since c¢j; is
smooth.

e The inverse c}fl exists with respect to composition and is smooth: the
inverse map is given by
Cii 1 U x C— Uy x C (my2) — (m,cj_il(m)z). Indeed,

(i o i )(m, 2) = Gi(m, ¢ (m)z) = (m, cji(m)cg;' (m)z) = (m, 2).

Smoothness follows from the fact that cj_i1 = ¢;; is smooth.

e cj; is bijective: it is surjective, since the expression c¢;;(m)z spans C. For
injectivity take c;(m’, 2') = ¢i(m, 2) & (M, ¢j;(m')2") = (m, ¢ji(m)z).
This implies that m = m' and so ¢j;(m)z’ = ¢;;(m)z & z = 2’. Injec-

tivity follows.

Furthermore, the restriction
Giilgmyxc : {m} x C = C = {m} x C= C z — ¢;(m)z is a linear isomor-
phism,

° C}z’|{m}xc is linear: all linear maps from C to C are classified by maps
of the form f : C — C z — cz where ¢ € C. Indeed c;;(m) € C, so
linearity follows.

° C}z‘|{m}xc is bijective: This follows directly from the discussion above.
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® Cji|{m}xc is a homomorphism under addition, since
C}i|{m}XC(Zl + Zz) = Cji(zl -+ ZQ) = Cj,'Zl + CjiZQ =
c}i|{m}xc(z1) + C}i|{m}><(c(22) for 21, %9 € C.

From this discussion it follows that we can write

- _ Yilu, xc
i = (¥; 10%’) ’

¥; -t

_ i P wiy)
UinC:UinC—>pr 1(Ul) -

Consequently,

Ui' x C.

(cij 0G5 0 Cit) v e = (V)" 09i) e © (U7 0l @ (W 00i) [ =
(W o othy o wpyoht o) |u,xe = Lijluyxcs

where 1;; : Ujj x C — Uy; x C (m, z) = (m, 2). Using (74) we derive

(ckjocjiocin)|v,uxc(m, z) = (m, cijlu,, (m)cjilu,, (m)cilu,;, (m)z) = (m, 2) <

ij|Uijk (m)cji|Uijk (m)cik|Uijk (m) =1,
which proves property (73).

6.4.2 Cech cohomology and the de Rham isomorphism

As stated before, for a Hermitian line bundle-with-connection to exist a con-
dition needs to be satisfied, the so-called integrality condition. This is for-
mulated in terms of elements of the Cech cohomology group. In this subsub-
section it is therefore explained what C'ech cohomology is and the related de
Rham isomorphism will be discussed.

Let M be a manifold and let U = {U;} be an open cover of M, where i € I,
some index set.

Definition 6.4.2.1. A p-cochain Cochain relative to U is a collection f =
{firia...ips. } of functions, of some specified type (i.e. smooth, locally constant,
holomorphic) with the properties

(COl) fi1i2---ip+1 is defined on Ui1 N Ui2 N...N Uz

p+17

(CO2) f contains just one function fj,..i,,, for each ordered set of p + 1
indices for which U, NU;, N...NU; ., is nonempty,

p+1

(C0O3) Jivigoipir = Siivigoipin] = m ZU Jo(ir)o(in)...olips)- Here o denotes a
permutation of the set of indices {i17s...754+1}-

Furthermore,
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Definition 6.4.2.2. Let U;, € U and let U;, NU;; N...NU;, ., be nonempty.
Then the coboundary operator Coboundary operator ¢ is defined on
cochains by

5f = {(5f)iomip+1}
p+1

(6f)io-..ip+1 = (p + 2) Z(_1)l(fi0...i}...ip+1)|Ui0ﬂ---ﬁUz’p+1 (75)

=0

R P I

The coboundary operator ¢ takes p-cochains into (p + 1)-cochains. Indeed,

® (6f)igir...ips, is defined on Uj, NU;; N ... N U, follows directly from
the definition (75),

e ) f contains just one function (6 f)iyi,...;,,, for each ordered set of p + 2
indices for which U, \U;, N...NUj,,, is nonempty: follows from definition
(75) and the fact that f contains just one function f;,. i,,, Wwhenever
U,NU;,N..NU; ., is nonempty,

p+1

[ ) (6‘}(‘)2'07;1_._%_‘_1 = (5f]?[i0il~”ip+{]: Indeed,
(5f)[ioz‘1~..z'p+1] = G2y >0 Slgn(a)(5f)o(z‘o)o(i1)-~o(ip+1) =
ﬁ(p + 2)!(5f)i0i1---ip+1 = (5f)ioi1---ip+1'

Definition 6.4.2.3. A p-cochain is called a p-cocycle if /f = 0 and a
p-coboundary if f = dg for some (p — 1)-cochain g.

One can prove that 62 = 0, which implies that every p-coboundary is also a
p-cocycle. The only important case we consider later on in this thesis will
be when p = 2 (i.e. that 2-coboundaries are also 2-cocycles). So for the
purposes of this thesis it suffices to show 62 = 0 for p = 2. A 2-cochain is a
collection of functions { fi 4, } of some specified type satisfying (CO1),(CO2)
and (CO3). Let U;, NU;, N...NU;, be nonempty. Indeed,

(5(5f)>i0i1i2i3i4 =

5(00f )ivinisia — (0.f )igizisia + (0. )igivigia — (0 f igivinia + (0 f NigivinisUigs,. oy =
5{4(fi2i3i4 - fi1i3’i4 + fi1i2i4 - fi1i2’i3) - 4(fi2’i3i4 - fi0i3i4 + fi0i2i4 - fio’izig) +
4(fi1i3i4 - fi0i3i4 + fi0i1i4 - fioilig) - 4(fi1i2’i4 - fi0i2i4 + fioil’i4 - fioilig) +
4(fi1i2i3 - fi0i2i3 + fioilis - fioi1i2)} =0.

Uigiq...ig

Consequently, 62 = 0 when p = 2.
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In the rest of this subsubsection let us consider a specified type of functions
which is referred to in the definition for p-cocycles and that will also be used
later on in this thesis. These are the locally constant functions, functions
which are constant in a neighbourhood of each point and take values in R.
For these functions we denote the set of p-cochains by CP(U,R) and the set
of p-cocycles by ZP(U,R). We can now define,

Definition 6.4.2.4. The Cech cohomology group with coefficients in R,
denoted by H?(U,R), is the quotient group Z?(U,R)/6CP~(U,R).

The equivalence class of f € ZP(U,R) in H?(U,R) is denoted by [f]. Two co-
cycles f in HP(U,R) that are equivalent (that is, differ by a coboundary) are
said to be (Cech) cohomologous. Indeed the above described equivalence
defines an equivalence relation ~,

o f ~ f: follows from f = f+ dh for h = 0. Indeed when h = 0 we have
that dh = 0 is a p-coboundary.

o f~g= g~ f:since f ~g<& f=g+ 0h for some coboundary dh, it
follows that g = f —dh = f +0(—h) =g~ f.

e f~gg~h=f~hif f~ge f=g+ i and
g~h< g=h+4j then
f=h+d6j+di=h+(i+j)=f~h

Let U = {U;} be a locally finite contractible cover of M. That is, each
point in M has a neighbourhood intersecting only a finite number of U;s € U
(locally finite cover of M) and each U; € U and each finite intersection of
U;s € U is contractible to a point (contractible cover of M). Now define,

Definition 6.4.2.5. A partition of unity subordinate to U is a collection
of functions {h; : M — R} with the properties

(PU1) 0 < hi(m) <1,
(PU2) supp(h;) C U;,
(PU3) ZZ hz(m) =1.

We quote without proof that for every manifold it is always possible to find a
locally finite contractible cover U of M and a partition of unity subordinate
to U (for the proof, see for example [21]).
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For f = {fii. i} € CP(U,R), define fi,s, ; ., : M — R by

Foo oo = Jivigiper T € Uiig.ips
1119...0p11 —
P 0 T ¢ Usiy..ipi

Subsequently, define o : C?(U,R) — {p-forms on M} by

Oé(f) =y = Z f’ili2---ip+1 hildhig NN dhip+1' (76)

11,12,y 0p+1
From (76) it follows that
d(Oéf) = Q5f. (77)

Again, since the only important case we consider later on in this thesis will
be when p = 2, we prove (77) for this case only. In this case,
Qf = D i inis Jininishiy dhiy A dhig. The left-hand side of (77) gives

daf =d <Zi1,i2,i3 fi1i2i3hi1 dhi, N dhi:s) =
Zi1,i2,i3 hjl dfi1i2i3 N dhzz VAN dhzg + Zihiz,ig fi1i2i3dhi1 A dhz2 A\ dhz3 =
S iis Faisisdhi, A dhiy A dh,

In the last identity is used that d filim = 0, since filmg is locally constant.
Furthermore, it follows from ) . h; = 1 that d(>_, h;) = Y. dh; = 0. Using
this, the right-hand side of (77) gives

AsF = D0 i inia (O Vioiriaishig@hay A dhiy A dhi, =

Zio,il’i%is(fjlizig - JiiOiQig + ]iioilig - ]iz'oilig) Uigiyinia lio@hiy N dhiy A dhig =
Zi07i17i27i3({1¢1i2i3 — Jiginis T fiiris — fioi1i2>hiodhi~1 A dhi, N\ dh;, =

D v ivsinsis JinizisPig@hiy N dhiy Ndhig =37 o firigigdhiy A dhiy A dhig.

In the third identity is used that h;,dh;, A dh;, A dh;, equals zero outside
Uivivigis = Ui, N U, N U, N U;,. In the fourth identity is used that
Doio hio = 1,32 dhyy =32, dhi, =3, dhi; = 0. Identity (77) now follows.

The map (76) and the identity (77) tell us that associated with any

[f] € HP(U,R) we have a set of closed p-forms, any two of which differ by
an exact p-form. Indeed, take [f] € HP(U,R). Then, using (76) and (77)
respectively, it follows that 0 f = 0 = a5; = day = 0.

So ay is indeed a closed p-form. The fact that any two of these differ by
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an exact p-form follows from the following argumentation. In the deduction
above the only freedom we have is in choosing the cocycle f satisfying 6 f = 0.
We could also have chosen the cocycle f+dh, where dh is a coboundary, since
6(f +0h) =46f + 6%h =46 f. So another closed p-form can be given by
Qfysh = Of + asp = o + day,

which indeed differs from the original oy by an exact p-form day,.

Now define,

Definition 6.4.2.6. The pth de Rham cohomology group of M , denoted
by H(M,R), is the space of equivalence classes of p-forms, oy, with two forms
regarded as equivalent if they differ by an exact p-form.

Indeed, the equivalence described in the definition above defines an equiva-
lence relation ~, since,

o oy ~ ay: follows from oy = oy + day, for oy, = 0. Indeed when o, =0
we have that dajy, = 0 is an exact p-form.

® o ~ oy = qy ~ Oy since af ~ oy & af = oy + day for some exact
form day, it follows that oy = af — dayp, = ap + da_p = oy ~ ay.

® ay~ g, g~ oy = o ~ oy if ap ~ay & ap = ay + do; and
Qg ~ ap & oy = ap + daj then
af = ap +doj +do; = ap, + doygj = op ~ .

In the rest of this subsection we prove that the map « in (76) determines an
isomorphism between the pth Cech cohomology group and the pth de Rham
cohomology group. This isomorphism is called the de Rham isomorphism.
. First define ¢« : H?(U,R) — Z?(U,R) [f] — f and

7 : {closed p-forms on M} — HP(U,R) as — (). Subsequently, define

& =Toa|zuroL:

alzp(ur)

HP(U,R) % Z7(U,R) —== {closed p-forms on M} = H?(U,R).

To prove the claim we have to show that & is an isomorphism. Indeed,

(1) & is a homomorphism: Indeed,
a([f]1+ [9]) = (7o alzewr o )([f] + [g])
= (moalznwr) o )([f +9]) = (Toazwr)(f+9) =Toazwr(f+9)
= 7o (azevwr) (f) + azrwr)(9)) = (azrwr) (f) + azrwr) (9 )>
(azewr)(f)) + {azevwr)(9) = a([f]) + a(lg])-

(2) @ is bijective: clearly ¢ and 7 are bijective. Furthermore, o|zrr) is
bijective. Surjectivity of a|zrwr) follows directly from (77), whereas
injectivity follows directly from (76). This implies that the composition
& = T o a|zrwpr) © ¢ is bijective too.
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6.5 The integrality condition

To make the prequantization construction considered in subsection 6.3 rigourous
one needs a Hermitian line bundle-with-connection over the classical phase
space (the symplectic manifold M). Existence of such a line bundle-with-
connection is however not guaranteed. For such a line bundle-with-connection
to exist a certain condition should be satisfied by the curvature 2-form €2 de-
fined on it. This is the so-called integrality condition (see [22],[19]). Let us
formulate it:

(IC) Integrality Condition: Let M be a symplectic manifold and let 2
be a closed real 2-form on M (the symplectic form). There exists an
open cover U = {U,} of M such that the equivalence class defined by
%Q in H*(U,R) contains a cocycle z in which all the z;;, are integers.

In the sequel of this section I shall prove that this integrality condition is
both a necessary and sufficient condition for a Hermitian line bundle-with-
connection to exist. The construction presented below is called the Cech
construction .

Theorem 6.5.1. The Integrality Condition is both a necessary and sufficient
condition for a Hermitian line bundle-with-connection to exist.

Proof. We proceed by showing seperately sufficience and necessarity of 1C
for a Hermitian line bundle-with-connection to exist.

e The Integrality Condition is a sufficient condition for a Hermitian line
bundle-with-connection to exist:

Let a closed real 2-form © on M (the symplectic form) and a con-
tractible open cover U = {U;} of M satistying (IC) be given. By
Darboux’s theorem there exist real 1-forms /; on U; (the symplectic
potentials) such that on Uj,

Q= dp;. (78)
Furthermore, on each non-empty intersection U; N Uy, there exists a
smooth real function f;; = —f;; such that

dfi; = Bi - B;. (79)

Indeed (; — f; is only well-defined on U; N Uj, as is f;J Furthermore,
since dfi; = B; — Bj = —(B; — Bi) = —d fj; we can choose the functions
such that they satisfy f;; = —fj. Subsequently, on each non-empty
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triple intersection U; N U; N Uy, there exists a locally constant smooth
real function a;;, defined by

Aij = fij + .]gjk + fri- (80)

Indeed a;j;, is a locally constant function, since

dagjy = dfi; +dfj +dfe = Bi — B + Bj — B + Bx — i = 0.
Moreover, the constant @;;;, define a 2-cochain: properties (CO1) and
(CO2) follow directly from its definition. Property (CO3) follows from
Qfijk) = %~{C~Lz‘jk — Qikj + Qjki — Qi + Qi — Qrji} =

%{Jiij + Jijk + Jsz — szk — .]ikj — sz' + Jijk + Jsz + .]fij

— Jii = Jik — Jog + Jei + Jig + o — Jog — Ji — fik} =

fij + [ik + fri = Qijrs

where the anti-symmetry of f;;, f;r and fy; is used in the third identity.
The constant a,;;.’s even define a cocycle a € Z?(U, R), since, using (75),
(0@)ijiy = Qg — Qi + Qi — Qe =

Fie + fa+ fij = fik = fao — fui + Jig + fo+ fu — fig — fie — fra = 0.

In the last identity the anti-symmetry of the functions f;; and fi is
used. The equivalence class [a] € H?(U,R) determined by a € Z?(U, R)
depends only on €2 and not on the choices made for the 3;, fi; and a;jx.
To see this, choose a general Bz = f; + dh; for some exact 1-form
dh;. Then BZ and f; give rise to the same closed real 2-form 2, since
df; = d(B; + dh;) = dB; = Q.

For this new. ,@Z we get the new .

dfi; = Bi = Bj = Bi + dhi = B; — dhy = dfi; + dh; — dh;

< d(fij — fij —hi+h;) =0

< fij = fij + hi — hy + dij,

where d;; = —d;; are constant functions on nonempty U; N U;. Hence
the new a;j;;, become

aijk = fij + fip + fri = .
flj‘i‘hl—h]—i—dw—i‘f]k—f—h]—hk+d]k+sz+hk—hl+dkl =

Qi + dij + djg + dp;.

Now the e, = d;j + dji + dy; define a 2-coboundary e = {e;;}. It is
clear that the e;;; form a 2-cochain, since the properties (CO1),(CO2)
and (CO3) can be checked completely analogous as in the a;j; case.
The fact that they in particular form a 2-coboundary follows from
(0d)ijr = dij — di, + dji = dij + dji + di; = €3k

But this implies that the cocycles @ = {a;j;} and @ = {a,j;} only differ
by the coboundary e. This in turn implies that a and a define the same
equivalence class [a] € H*(U,R). As a consequence, the equivalence

class [a] only depends on the choice for 2, not on the choices for the

87



i, fij and Q-

Next, define zx = 5= (i, + dij + djk + di;) on nonempty U; N U; N U,
Then it follows from the argument given above that z = {z;;} is an
clement of the class defined by 5-Q in H*(U,R). Let m € Uy By
(IC), when U; N U; is nonempty, we can define the constant d;; such
that all z;;,(m) are integers when U; NU; MUy, is nonempty. Notice that
we wouldn’t be able to choose the d;; such that the z;;,(m) are integers
without (IC), since in general the @, are only locally constant and the
intersections U; N U; N Uy, do not need to be connected.

We are now ready to define on each nonempty U; N Uj,

cij = exp(—i(fi; + dij)) (81)

Then, on each nonempty U,j;, it holds that

cij(m)ejp(m)eri(m) = i

exp(—i(fi;(m) + fir(m) + fei(m) + dij(m) + djr(m) + dii(m))) =
exp(—2mizj) = cos(—2mzir) + i sin(—2mz;) = 1.

Furthermore, (c;;)~' = ¢;;, since .

cji(m)eij(m) = exp(—i(fji(m) + dji(m) + fij(m) + dij(m))) =

exp(0) = 1.

In other words, the complex functions c¢;; defined above satisfy the
same properties (72) and (73) as transitions functions. We claim that
the smooth complex functions c;; defined on nonempty U;; allow us
to construct a line bundle X over M of which the ¢;; are transition

functions. This is the line bundle whose total space is H U;xC/ ~ with

~ the equivalence relation defined by: (j,m,z) ~ (k,m,Z) whenever
(j,m, z) € IxU;xC, (k,m, 2) € IxUyxCandm = mand Z = ¢;,(m)z,
and with the projection map pr : H U xC/~— M [(j,m,z)]— m.

Here the points in H U; x C are denoted as triples (j,m, z) € I xU; xC

with I some index sét. Notice that the projection map pr is well-defined
since all points (j,m,z) ~ (k,m,Z2) are mapped to the same point
m = m € M by pr. Furthermore, notice that ~ does indeed define an
equivalence relation, since

— (j,m,2) ~ (j,m, z): follows from m = m and z = ¢;;(m)z. The

last identity holds, because c;;(m) = exp(—i(fj;(m) + dj;(m))) =
exp(0) = 1, using the anti-symmetry of f;; and dj;.
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- (j,m,z) ~ (k,m, 2) = (k,m,2) ~ (j,m, z): suppose
(j,m, z) ~ (k,m,Z), then m = m and z = ¢;,(m)Zz. This implies
m =m and Z = c¢x;(m)z using (72), i.e. (k,m,Z2) ~ (j,m, z).

z
- (jym,z) ~ (k,m,2), (k,m,2) ~ (I,m, 2) = (j,m,z) ~ (I,m,2):
suppose (j,m,z) ~ (k,m,2) and (k,m,2) ~ (l,m,Z2), that is,
m =m =m and z = ¢;pZ = cjpcz. This implies m = m and
z = ¢z using (73) and (72) respectively (cjrcuc; = 1 = cjpcu =
cji). It thus follows that (j,m, z) ~ (I,m, 2).

We define addition and scalar multiplication on the fibers (m € M
ﬁxed) of X = H Ul X (C/ ~ by [(]7 m, 21)] + [(]’ m, ZQ)] = [(]7 m,z +Z2)]

and A[(j,m, z1)] = [(7,m, Az1)] (A € C) respectively. Let us now prove
the claim:

(1) X satisfies (VB1) for K = C: First of all,
pr-t(m) ={(j,m,z) € I xU; xC}/ ~. Since m is fixed and j € I
only takes those values such that m € U; (let us say that there
are a such values), we can view {(j,m, z) € I x U; x C} as the set
consisting of a copies of C. Then pr=!(m) can be viewed as just
one copy of C, since in this case points (k,m, z) and (I,m, 2) (m
fixed) are ‘identified’ if z = ¢y (m)Z and the map f: C = C 2z —
cr(m)Zz is clearly an isomorphism (with respect to addition on
C). Our goal is indeed to show that pr~*(m) is isomorphic to C.
To this end, define o, : C — pr-*(m) z — [(k,m, z)]. That ay
is surjective follows directly from the discussion above. It is also
injective. Indeed,
ar(2) = ax(2) < [(k,m, 2)] = [(k,m, 2)]

& (k,m,z) ~ (k,m,2) & 2z = cge(m)Z = Z.

The last identity indeed holds, since cxx(m) = 1. Finally, it is a
homomorphism, because for z1, 2o € C it holds that

Oék(Zl + 22) = [(k,m, Z1 + ZQ)] =

[(k,m, z1)] + [(k,m, 22)] = a(21) + ag(z2).

(2) X satisfies (VB2) for K = C: take m € M. If we pick a neighbour-
hood U of m we can always choose it such that it is contained in
the intersection of the U; which contain m, since this intersection
is an open set. With this in mind,
pr 1 (U) = {(j,m,z) € I x U; x Clm € U C U;}/ ~. Now define
the map U : U x C — pr=Y(U) (m,2) — [(k,m, 2)]. Tts surjec-
tivity follows directly from surjectivity of o and the fact that Wy
sends m to m = m (Vg is the ‘identity map in m’). Injectivity
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follows from,
Wi(m, 2) = Uy(m, 2) < [(k,m, 2)] = [(k, 1, 2)]

& (kym,z) ~ (k,m,2) & m=m,z=cu(m)z =z
It follows that (m,z) = (m,Z2). Furthermore WUj is smooth: it
sends (m, z) to [( m, z)| where (k,m,z) ~ (k,m,2) if m = m
and z = cgp(m)Z = Z, so it sends m to m = m in a smooth fashion
(‘identity map in m ) and it sends z to z = Z in a smooth fashion
(‘identity map in z). It follows that Wy is smooth. The smooth-
ness of Uy on U, N U; should not depend on the choice k. Indeed
it does not, since (k,m, z) ~ (j,m, 2) if m =m, z = ¢;;(m)Z and
cx; is smooth. For the inverse map, define
(Up)™ : pr(U) — U x C [(k,m,2)] — (m,z). Indeed it is
an inverse, since (U, ' o U)(m,z) = U, ([(k,m,2)]) = (m, 2).
That the inverse map is well-defined follows from ¢y, (m) = 1. Its
smoothness is proved in the same way the smoothness of W, is
proved.

The fact that the restriction map,

Ul : {m}xC — pr=t(m) (m,z) — [(k,m, z)] is an isomorphism
follows directly from {m} x C = C and the fact that a4 is an
isomorphism. Linearity follows from

lIfk|m()\21 + ZQ) = [(k, m, /\Zl + ZQ)] = [(k, m, )\21)] + [(k7 m, 22)] =
/\[(k7 m, Zl)] + [(k7 m, 22)] = /\\I/k|M(21> + qjk|m<z2)'

(3) The ¢;; are the transition functions of the line bundle X: in order
to verify this, we have to check if the ¢;;s satisfy (70). Indeed, on
(U;NU;) x C, we have
()5 (m, 2) = e (m)[(G,m, 2)] = [y, cau(m)2)] = [(k,m, 2)]
Ui(m, z).

What is left to check is that this line bundle X is equipped with a
Hermitian structure and a connection which are compatible. For the
Hermitian structure, define, for m € U; the inner product in each fibre
by

() :pritm)2Cxpriim)2C—R

([(Z, m, Zl)]? [(Z7 m, Z2)D = <[(l7 m, Zl)]v [(27 m, ZQ)D = 2122

In order to show that this inner product is well-defined for m € U;NU;,
note that the fi;,d,; € R. It follows that

leil* = cisésy = exp(—i( fiy + diy)) exp(i(fij + dij)) = exp(0) = 1.
Hence, on U; N U; we have

([(G;m, 20)], [(8,m, 22)]) = ([(2,m, cijz0)], (6 my ci52)]) =

— . JE— . 27 =
Cijz1Cijz2 = Cij21Cij20 = |Cij| Z1%9 = Z1%2,
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as should be the case. Furthermore, for m € U; the map

H: X —>R (m,z)— ([(i,m, 2)],[(i,m, 2)]) = Zz is smooth and on
U;NU; (where (i,m,z) ~ (j,m, Z) if m = m and z = ¢;;Z) the smooth-
ness does not depend on the choice 4, since ¢;; is smooth. Hence (-, )
defines a Hermitian structure on X.

The line bundle X is also equipped with a connection. From the real
[; we can construct complex 5’1 = if3;. Pick a collection {(U;, ¥;)} of
local trivializations of X, a unit section 1; on U; and a vector field
X € Vect(U;). From the complex f3; we can define a connection Vy via

Since a general section on U; can be written as s; = f1; for
€ C*(U;,C) a connection of a general section on U; can be written
g
as

Vxsi = X(f)1; —iBi(X)s;, (83)

as derived previously on a general neighbourhood U. From (71) it
follows that on U;; in general sections s;,s; are related by

si(m) = ¢ji(m)s;(m). (84)

Since Vxs; should be a section, in order for Vx to be a well-defined
connection the relation (Vxs;)(m) = ¢;;(m)(Vxs;)(m) should be sat-
isfied on U;;. Indeed, on Uj;,

(Vixsj)(m) = (Vxeysi)(m) = (Ve fli)(m) =

(X (i3 ))1)(m) = i(8;(X)eijsi) (m) =
(X(cij)si)(m) + (e X (f)1i)(m) —i(B;(X)cijsi) (m) =
— i(ci;(Bi(X) = B;(X))si)(m) + (¢i; X (f)1i)(m) — i(8;(X)cijsi) (m) =

(e (X ()i = es;B(X)si))(m) = cs5(m) (Vxcs:)(m).

In the fifth identity we used

X(cij) = deig(X) = d(exp(—i(fij + dij))(X) =

(—id(fiy + dig) exp(=i(fig + diy)))(X) = (—id fiyei)(X) =

(—i(8; = Bj)ei)(X).

Finally, for X to be a Hermitian line bundle with connection we have

to check that the constructed connection and Hermitian structure are

cornpatible Let X € Vect(U;), sl,s € I'x(U;). Then we know that
= f1; for f € C®(U;,C) and s, = gl; for another g € C=(U;, C).

Hence on the one hand, o

X(si, ) = X(fli, gls) = X (o) (s, 1) =

X(Ng{li, 1) + FX(g) (01, 1)
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On the other hand,

(Visi,si) + (si, Vxs;) =

(X(N)Li = iBi(X)si, s7) + (5, X (9)1i — ifi(X)s7) =

X(F)(Fi, 1) + 880X (51, 50) + X (9) (500 1) — 15:(X) (50, 50) =

X(F) L)+ X(g) (50, 1) = X (Pl 1) + X (g) F{L, 1)

This establishes the compatability condition (64) on some U;. The
fact that the compatibility condition continues to hold on the overlaps
U; NU; in a well-defined manner follows from the well-definedness of
the inner product on the overlaps (since |¢;;|> = 1) and from

Vxs; = Vx(cijs;) = ¢ijVxsi, so we have proved the ‘sufficient’-part of
the theorem (since the open cover of M in (IC) can always be chosen
such that it is contractible for a collection {U;, ¥;} of local trivializa-
tions of X).

Remark 6.5.1. Note that we started with a symplectic 2-form {2 on
M. As we constructed the Hermitian line bundle-with-connection we
in particular constructed the connection V defined by (83) on general
sections s; = f1; for f € C*°(U;, C). It now follows from the argument
presented in section 6.4.1 that the curvature 2-form of V on M equals
this symplectic form on M, once M is the base manifold of a line
bundle-with-connection.

The Integrality Condition is a necessary condition for a Hermitian line
bundle-with-connection to exist:

Suppose we are given a line bundle X over M with connection V. Pick
a selection of local trivializations {U;, ¥;} of B such that U = {U,} is
a contractible open cover of M. Pick the diffeomorphisms

U, : U; x C — pr!(U;) such that the restriction maps

Uil o {m} xC = C — pr—!(m) are compatible with the inner product,
meaning that for z;,z0 € C we have (V;|;n(21), Vilm(22)) = (21, 29).
We can always choose the W,|,, this way. To see this, take z; € C
and suppose that (V;|,,(z1), Ui|m(21)) # (21,21). Then, since both
(Uilm(21), Yilm(z1)) and (21, z1) belong to R they should be related by
some real positive function A : U; — R.y where R is the set of posi-
tive real numbers. So we can choose a rescaled

Ui|m(21) = ( /\(m))_l U;|n(z1) which then gives
(Bl (o1), Bl (o2)) = (VAT) (VAT) (il (1), Wiln(21)) =

( )\(m)>_1 ( /\(m))_l A(m){(z1, z1) = (21, 21)-
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Since \ifl|m is linear it follows that this map does define a linear iso-
morphism compatible with the inner product. Hence we can always
construct such a map, because the ¥;|,, we started with was arbitrary.
Since we have a well known inner product on C, namely (21, z0) = 2129
we now have an inner product (V;|,,,(z1), W;|m(22)) = (21, 22) = Z122 on
pr~t(m) for m € U; too. Subsequently, consider the functions

¥ilu,jxc w;1|pr71(U~

Gi = (Uit o)) |vyxc : Uiy x C ——— pr~(Uy) 7 Uy x ©
introduced in subsection 6.4.1 for m € U;;. Since V¥,|,, is compatible
with the inner product, so is ¥;!|,,xc and so is

Cijlmxc = Yjlm © U ,uxc. Using (74) this implies for the norm of the
corresponding transition functions ¢;; that

(Cijlmxc(2), Gijlmxc(2)) = (2, 2) & (cij(m)z, ¢;5(m)z) = (2, 2)

& |eij(m)|*(z, 2) & [ey;(m)] = 1.

From this it follows that the inner product (-,-) on prt(m) is well-
defined for m € U; N U; as well. Indeed, take 21,29 € prt(m) = C.
We know that the sections s; € I'x(U;), s; € I'x(U;) are related by
s; = ¢i;s; on Uy;. Hence, writing z; = §;(m), 22 = §;(m), on U;; we
have

(55, 8;)(m) = {ci8i, cigsi)(m) = iz (m) (5, i) (m) = (21, 22),

as should be the case. The line bundle X is now provided globally with
a Hermitian structure, since for m € U; the map

H:X — R (m,z)— (2,2) = Zz is smooth and this smoothness does
not depend on the choice 7, since ¢;; is smooth.

The existence of the connection V allows us to define a complex 1-
form B; on U; via Lﬂi(X) = VX(L-) for X € Vect(U;), and for general
sections s; = f1; on U; (f € C®(U;,C)) via the relation Vyxs; =
X(f)1; — iB;(X)s;. The compatibility of the connection V and the
Hermitian structure (-, -) follows now by the same arguments as in the
‘sufficient’-part, since |¢;;(m)|* = 1 for m € Uy; in this case too. Hence
we have a Hermitian line bundle-with-connection.

Next, define f;; = =*log(c;;) on Uy; where log is the complex logarithm
whose values are only determined upto integer multiples n € Z of 2mi.
And from this define, z;jx = fi; + fix + fwi on Uijk. In subsubsection
6.4.1 we proved that the transition functions c¢;; satisfy
cij(m)cjp(m)eg;(m) = 1 on Uyji. It follows that

zigr(m) = fiz(m) + fie(m) + fri(m) =

= log(ci;(m)) + 5 log(cju(m)) + 5+ log(cjr(m)) =
“Llog(esj(m)ejp(m)eys(m)) = 8L 4 MW — opy € 27,

for nji, : Usjr — Z a constant integer. Hence the z;;,s are constants.
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The fact that these z;;;, form a cochain follows from the same arguments
as for the a;;;, in the ‘sufficient’-part. In particular, the z;; determine
a cocycle z = {z;;}. Indeed,

(02)ijm = Zjwn — Ziw + Zigt — 2 =

ikt Ju+ Jiy— fie — S — S+ Jis + fu+ Ju— fig — fir — fra = 0.
Here is used the anti-symmetry of the f;;. Indeed, since we proved in
subsubsection 6.4.1 that the transition functions ¢;; satisfy

cij(m) = (cji(m))~, it follows that

fiy = Flog(eyy) = FHlog((ei) ™) = Flog(esi) = — i

Our independently constructed ; and f;; satisfy the relation

dfi; = Bi — B;. Indeed, since sections transform as s; = ¢;;s; on U; N U;
we know that Vys; for X € Vect(U;) satisfies Vxs; = ¢;;Vxs;. It
follows, writing s; = f1; for f € C*°(U;, C), that

VX(cijSE) = CijVXSi =4 R

X(eij )l —iBij(X)eijsi = ciy(X(f)L —iBi(X)s;) <

X(eij) fli + ey X(f)1i — iBj(X)eisi = ey (X ()L —iBi(X)si) &
X(cij)si —iciysi(B5(X) = Bi(X)) = 0 & X(cyy) = icy; (8 — Bi)(X) <
deyy(X) = ici;(B; — B:)(X) & T2 = i(B; — B;) &

Fdlog(ciy) = B; — B; & dfi; = B; — b

Subsequently, define 2 = dg; on U;. Since for general sections

si = fl; (f € C°(U;,C)) the B; are defined via (83) it follows by
the argument given in subsubsection 6.4.1 that ) equals the curvature
2-form corresponding to X. Hence, by remark 6.5.1 it equals the sym-
plectic 2-form on M (since M is the base manifold of the (Hermitian)
line bundle-with-connection X).

Let [2] € H*(U, 2nZ) be the equivalence class determined by the cocycle
z € Z*(U,2nZ). This equivalence class depends only on € and not on
the choices made for the f;, f;; (in particlar not on the ambiguity
in defining them) and z;;,s. The argument is fully equivalent to the
one presented in the ‘sufficient’-part, except that in this case the fact
that the values of f;;(m) (m € U,;) are only determined up to integer
multiples of 27t has to be taken into account. This ambiguity is absent
for the equivalence classes [z] € H?(U, 2rZ). Indeed, take

f‘;j = fij — 27m'n2-j on Uz‘j for N - U; N Uj — Z an integer. These new
ﬁj give rise to the same 2-form (2, since the n;; are constant functions.
Furthermore, .

Zijk = fij + fie + fri = fij — 2mingg + fje — 2ming, + fri — 2ming =
Zijk — 27TZ<7”L” + Nk + nkl) = Zijk — 271'(57l>1j1g

on Ujji. So the z differ at most by a coboundary and hence give rise
to the same equivalence class [z].
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As a consequence we have found an open cover U of M such that the
class [z] defined by Q in H?(U,R) contains a cocycle z in which all the
zij, are 2m multiples of integers. The integrality condition is clearly an
equivalent statement and the proof of the ‘necessary’-part is complete.

]

6.6 The prequantum Hilbert space

In subsection 6.3 we already mentioned that a prequantum Hilbert space
consisting of ‘ordinary’ (square-integrable) complex-valued scalar functions
f+ M — C is not the correct Hilbert space to consider. Now that we have
treated the right objects to consider, sections of a Hermitian line bundle-
with-connection, and formulated the condition for the classical phase space
M to be quantizable we are ready to define the correct prequantum Hilbert
space and the prequantum operators acting on it. This will be the purpose
of this subsection.

Suppose that the symplectic manifold (M, w) is quantizable in the sense that
%w satisfies the integrality condition (IC). Then we know that it is possible to
construct a Hermitian line bundle-with-connection X with curvature 2-form
%w, called the prequantum line bundle Prequantum line bundle. Now let
m € M and si, s € I'x(M). Define

(s152)(m) = ()" [ (s, sab(m)es (55)

Here €, denotes the Liouville form as defined in (59) and (-,-) denotes the
Hermitian structure on X as defined in the previous subsection by
(s1,82)(m) = (s1(m), so(m)) = (21, 22) = Z122 using the notation

21 = s1(m) € C, 2z = s1(m) € C. We claim that (-,-) defines an inner
product. Note that the space I'x(M) is a vector space with complex-valued
functions as scalars. Let us now verify the claim,

e (-,-) is conjugate symmetric: first of all, (-,-) is conjugate symmetric,
since -
<81, 82>(m) = 2129 = 21_22 = <81, 82><m).
Conjugate symmetry of (-,-) now follows from B
(s1, 52)(m) = ()" {1, 5o (m)ew = ()" foy (52, 1) (m)es =
(#ﬁ)n fM<817 82>(m>€w’
where in the last identity €, = €, and the fact that integration is a
linear operation are used.
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e (-,-) is antilinear in the first argument: Let f be a complex-valued
function on M. To begin with, (-,-) is antilinear in its first argument,
since

(fs1,82)(m) = (f(m)s1(m), s2(m)) = f(m)z122 =
f(m)zize = f(m)(s1, s2)(m)

and for s3 € I'x (M) we have

<81 + S9, 53>(m) =21 —T‘ 2923 — 2_123 + 27223 = <51, 83>(m) + <82, 53>(m),
denoting s3(m) = z3.

Antilinearity of (-,-) in its first argument now follows directly from
integration being a linear operation.

e (-,-) is positive definite: denote z; = a + b for a,b € R. Firstly, (-,-) is
positive definite, because
(s1,81)(m) = z1z1 = (a +ib)(a — ib) = a®* + b* > 0,
and
(s1,81)(m) =0+ =0a=0 and b=0<
21 =0« s1(m)=0.
Positive-definiteness of (-, -) now follows directly from the properties of

integration and ¢, and the positive value of the prefactor ﬁ

We are now ready to define the (correct) prequantum Hilbert space.

Definition 6.6.1. The prequantum Hilbert space H is the space of all
s € I'x(M) equipped with the inner product (-,-) defined in (85) for which
the integral of (s, s)e, over M exists and is finite.

Furthermore, each classical observable f € S C C*°(M,R) acts on an appro-
priate subset of H according to

s+ —ihVx,s+ [s, (86)

where X denotes the Hamiltonian vector field corresponding to the classical
observable f € S C C*(M,R). The corresponding quantization assignment
Q defined in (54) is

Q(f) = —ihVx, + f. (87)

Our goal is now to show that this assigment satisfies the conditions (Q1)-(Q4)
introduced in subsection 6.2 and hence is a suitable prequantum assignment
of operators on the prequantum Hilbert space (actually, some subset of it,
which is argued below) to classical observables f. Indeed @) satisfies these
conditions,
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(1) Q satisfies (Q1): let f,g € S C C®°(M,R) and A € R. Then,
QNf+g)=—ihVx,,  + (A +9g) = —ihVix,1x, T Af + 9=
—ihAVx, —ihVx, + Af + 9= AQ(f) + Q(9),
which establishes the claim.

(2) Q satisfies (Q2): let f,g € S € C*°(M,R) and let ;w be the symplectic
form on M (as mentioned before). Then
[Q(f), Q(9)] = [=ihVx, + [, —ihVx, + g] =
— ih[Vx,,g] —ih[f,Vx,] — *[Vx,, Vx,] =

MV, il V) = (Vx4 ) =

- ih[vaa g] - Zh[f7 VXg] - h2VX{f,g} + Zh{f7 g}

In the second identity the commutativity of scalar functions under

pointwise multiplication is used. In the third identity we used the
1

fact that the symplectic form ¢w (which equals the curvature 2-form

as a base manifold of X) satisfies by definition the equality

w = % ([VXf, Vx,| — V[Xf,xg])- In the fourth identity the defini-
tion of the Poisson bracket (40) and the fundamental identity (41) are
used. Furthermore,taking s € H we have

Vx;,9ls = Vx,(95) — gVx,;5 = gVx,s+ X;(9)s — gVx,s =

X;(g)s = {f.9}s.

and hence [Vx,,g] = {f,g}. And

£, Vx,) =~V ] = —{g, £} = {F. g}

It thus follows that,

[Q(f), Q(9)] = —2ih{ f, g} +ih{f, 9} — W*Vx, , =

- Zh({fa g} - Z.th{fyg} = _ZhQ({f7 g})>

as was to be shown.

(3) @ satisfies (Q3): let s1,50 € H and f € S C C°(M,R). Then
(Q(f)Sl, 82) = (-’ihVstl + f317 52) =
ih(VXfSh Sg) + f(Sl, 82) = Zh(ﬁ)n fM<va81’ 82>€w -+ f(Sl, 82) =
—ih(55)" [u (51, Vxgsa)ew +ih(5)" [o,(Xy(s1, 82))ew + f(s1,82) =
— ih(gm)" [y (51, Vix,s2)ew + (51, f52) = (51, Q(f)s2).
In the fourth identity the compatibility of the Hermitian structure (-, -)
on X and the connection V on X is used. In the fifth identity we
used that on the appropriate subset of the prequantum Hilbert space
we are considering the term (55)" [, (X (s1, 52))€, vanishes. For the
technical proof of this fact we refer the reader to ([7, p.129]).

(4) Q satisfies (Q4): let 1 denote the map 1 : M — R m + 1 and 0 the
zero vector field. Then
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Q(1) = —ihVx, + 1= —ihVo+1 = 1, ) )
where linearity of V is used in the sense that Vj = 0 with 0 the zero
operator on I'x (M) and so we are done.

6.7 Polarizations

As mentioned in the introduction of this section the prequantum Hilbert
space is considered ‘too large’, in the sense that it cannot represent the
phase space of a physically reasonable quantum system. One way to reduce
it is by putting an additional geometric structure on the classical phase space
(as a base manifold of the prequantum line bundle), called a polarization.
As metioned by Woodhouse (see [7, p.133]), it should be stressed that the
justification is not based on general mathematical results (such as the irre-
ducibility of representations) but on the examination of particular examples:
the construction unifies and generalizes a number of familiar techniques that,
in the past, have not appeared to have had any obvious connection with each
other and that have sometimes seemed to be overspecialized with applica-
tions only to particular physical systems.

In this subsection we will first treat polarizations in general and then look
at a specific kind of polarization, the so-called Kahler polarization.

6.7.1 Polarizations in general

The prequantum Hilbert space consists of sections s of a prequantum line
bundle X which depend on all the 2n coordinates of the symplectic manifold
(M,w) on which they are defined. We will abstract the idea of a polarized
section by first considering complex scalar functions depending on 2n co-
ordinates. In subsubsection 6.1.1 we already proved that the configuration
space @, depending on the n position coordinates {¢', ..., ¢"}, is a Lagrangian
submanifold of the cotangent bundle T, depending on the the 2n coordi-
nates {¢*,...,q", p1, ..., pn}, S0 complex scalar functions on 7*Q depend on
2n coordinates, whereas complex scalar functions on () depend only on n
coordinates. More generally, if we consider complex scalar functions f on a
general symplectic manifold M, a way of eliminating half of the 2n coordi-
nates they depend on is to demand that the functions f are constant along n
independent vector fields on M. That is, for k € {1,...,n}, X} € Vect(M,R),
we have

Xi(f)=0. (88)
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Indeed, this gives n restrictions on M, reducing its dimension by n. Now
define,

Definition 6.7.1.1. Let M be a manifold. For all m € M consider the
subspaces P,, C T,,M. If m has an open neighborhood U C M such that for
all u € U a set of r independent vector fields { X} exists with Span{X,} =
P,, then

P= ] PncTM (89)

meM

is called a distribution of dimension r on M.

If we denote the space of vector fields X € Vect(M,R) such that

Xlim) € Pn for every m € M by Vect(M,R; P) it follows that the n vector
fields X} considered above definition 6.7.1.1 are the base elements of the (in
this case) n-dimensional space of vector fields Vect(M,R; P).

Let us generalize this story to sections s on M. Since the directional deriva-
tive does not map sections to sections it has no invariant meaning for sections
of X. However, the connection V does map sections to sections. Consider
the n-dimensional distribution P of the tangent bundle T'M of M. A natural
generalization of (88) to sections is

Vys =0, (90)

for all X € Vect(M,R;P). Let X,Y € Vect(M,R; P) be arbitrary and
s € I'x(M). Then (90) implies

[V)(, Vy]S = Vx(VyS) — Vy(VXS) = 0, (91)

for all X,Y € Vect(M,R;P). Since the curvature 2-form % of V on X

satisfies “()}(L’Y) = L ([Vx,Vy] = Vixy)) equation (91) implies
o;
Vixy)s — %W(X, Y)s=0 VX,Y € Vect(M,R; P). (92)

Condition (92) is automatically satisfied, provided that
(1) [X,Y] =0 VXY € Vect(M,R; P),
(il)) w(X,Y) =0 VX,Y € Vect(M,R; P).

Let us first consider condition (i). To this end,
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Definition 6.7.1.2. Let P be a distribution on a manifold M. If
[X,Y] € Vect(M,R; P) VX,Y € Vect(M,R; P), the distribution is called

involutive .

In other words, condition (i) translates to the statement that P on M must
be an involutive distribution. To continue,

Definition 6.7.1.3. Let M be a manifold. If for every point on M, a coor-
dinate chart U can be found such that a distribution P on M is spanned by
just the derivatives with respect to the coordinates on U, the distribution is
called completely integrable .

The following important theorem, known as Frobenius theorem, is quoted
without proof. For the proof, the interested reader is referred to ([23, p.170]).

Theorem 6.7.1.1. For any distribution P, P is completely integrable if and
only if P is involutive.

It follows that condition (i) is equivalent to saying that P on M must be
completely integrable. Furthermore,

Definition 6.7.1.4. Let M be a manifold and P a distribution on M. If
N C M is an n-dimensional submanifold of M with T,,N C P, Vm € M,
N is called an integral manifold of the distribution P.

We state without proof, that given a rank r completely integrable distribu-
tion P on M, there exists an integral submanifold N C M of dimension n = r
for all m € M such that T,,,N = P, (for the proof, see ([23])). Consequently,
from condition (i) it follows that for all m € M there exist integral manifolds
N C M through P,, = T,,N of dimension n, since the rank of P on the
symplectic manifold M is n(= dim(P)).

Now looking at condition (ii) and definition 6.1.1.3, we see that condition
(ii) translates to the statement that the integral manifolds N C M are La-
grangian submanifolds of M. So, in first instance, one would define a polar-
ization of (M,w) to be a maximally integrable distribution P of T'M such
that P,, is a Lagrangian subspace of T,, M for every m € M. However, this
definition is far too restrictive. For instance, on a two-dimensional surface a
polarization corresponds to a nowhere-vanishing vector field. But the two-
dimensional sphere, S?, does not have a globally defined nowhere-vanishing
vector field and hence a polarization in the above sense does not exist for
S2. The solution to this problem is to complexify the tangent bundle of M.
That is, TM will be replaced by TM® = H T,.M® = H (T,,M @ C).

meM meM

100



Maximally integrable distributions P of TM®, such that P,, = (T,,N)® for
N C M a Lagrangian submanifold of M, are more likely to exist. We thus
arrive at

Definition 6.7.1.5. Let (M, w) be a symplectic manifold. A polarization
P of (M,w) is a maximally integrable distribution of TM® such that
P, is a Lagrangian subspace of T}, M® for all m € M.

To conclude this subsubsection, we define the corresponding polarized sec-
tions as follows,

Definition 6.7.1.6. A polarized section of the prequantum line bundle
X is a section s over M satisfying

Vxs=0 VX € Vect(M,C,; P). (93)

6.7.2 Kahler polarizations

A particular class of symplectic manifolds for which geometric quantization
is fairly well understood and works with comparative ease are Kahler man-
ifolds. These manifolds have natural and well-behaved polarizations. They
are the subject of this subsubsection.

To understand what a Kahler manifold is we first need to define what an
almost complex manifold and complex manifold are respectively.

Definition 6.7.2.1. An almost complex manifold (), J) is a real man-
ifold M that is equipped with a smooth real tensor field J such that at
every point m € M the linear endomorphisms J,, : T,,M — T,,M satisfy
Im o Jp = =1, with I, : T,, M — T,,M v — v the identity operator on
T,.M.

We need one more ingredient before we come to the definition of a complex
manifold,

Definition 6.7.2.2. Let (M, J) be an almost complex manifold. The smooth
real tensor field J is called integrable if the Nijenhuis tensor
NX,)Y)=[X,Y|+J[JX, Y]+ J[X,JY]|—[JX, JY] vanishes for all X,Y €
Vect (M, R).

Subsequently,

Definition 6.7.2.3. A complex manifold (M, J) is an almost complex
manifold such that J is integrable. In this case, the smooth tensor field J is
called the complex structure .
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We are now ready to define what a Kéhler manifold is.

Definition 6.7.2.4. A Kéahler manifold (M, J,w) is a complex manifold
(M, J) which at the same time is a symplectic manifold (M, w) such that the
symplectic form w and complex structure J are compatible, that is,
w(JX,JY) =w(X,Y) VX,Y € Vect(M,R).

Now suppose we are given a Kéhler manifold (M, J,w). Let m € M be ar-
bitrary. Consider the complexified tangent space (T}, M)¢ = T,,M ® C. We
can diagonalize the linear endomorphisms J,, : T,,M — T,,M in (T,,M )C.
To this end, let © be a vector in (7,,M)® and set J,, 0 = A\ with A\ € C
an eigenvalue of .J,,. Since we know that J,, o J,, = —1I,,, it follows for the
eigenvalues A of J,, that

(Jmodn)(0) = -0 J,(A0) =N20=-0& N =—-1& \=+i.

The eigenspace (T}, M )% corresponding to the eigenvalue i of J,, is spanned
by vectors of the form v—iJ,,v for v € T,, M. Indeed, denote such an element
in Span(v — iJ,,v) by 0 = >, ¢;(v; — iJ,,v;) for v; € T, M and ¢; € C. Then
Similarly, the eigenspace (7, M )Y corresponding to the eigenvalue —i of
Jpm is spanned by vectors of the form v + ¢J,,v for v € T, M.

Furthermore, since (M, J,w) is in particular a symplectic manifold it has real
dimension 2n and so does its tangent space T}, M for m € M. It follows that
(T,,M)® has complex dimension 2n. The spaces (T, M) and (7, M )Y
are formal complex conjugates of each other, since the formal Complex con-
jugate of an element in (7, M) is in an element in (7}, M)®V. Indeed,
Zi Ci(Ui — ZJmU,L> = Zz Ci(vi — ’lJm’Uz) =

Zi Cﬂ)_i + 1 Zz CiJmUi = Zz C; (Ui + lJmUz)

Hence, the spaces (T}, M)®? and (T,,M)*Y have the same dimension n,
since (1, M)®0 U (T,, M)V = T,, M®. Furthermore,

(T, M) N (T, M) Y = {0} with 0 the zero vector in T,, M.

As a next step we show that (7,,,M )Y is a Lagrangian subspace of (T}, M)C.
We see that (T,,,M)®Y is a linear subspace of (T}, M)®, since the zero vector
is contained in it (take v; = 0) and it is clearly closed under vector addition
and scalar multiplication. That it is even a Lagrangian subspace of (T}, M)®
follows from

Wi (O, ci(vi —idpus), > di(vi — 1)) =

Win (i Y €i(0; — 1 v;), I D di(v — i 0;)) =

Wi (1), ci(v — i), 1), di(v; — idp0;)) =

— Wi (D, (v — idmu;), >, di(v; — i,0;)) &
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W (v, w) =0 Yv,w € (T, M)V,
where wy, : (T,,M)® x (T;,M)® — C is the alternating multilinear map de-
fined by the symplectic 2-form w for m € M.

Now construct from this the distribution 7MY = H(TmM )0 on TME,

The distribution TM Y is maximally integrable. To see this, first note that
this is equivalent to showing that the distribution is involutive. Secondly,
because M is a complex manifold the complex structure J defined on it is
integrable. It follows that for any X,Y € Vect(M,R) it holds that
NX,Y)=[X, Y]+ JJX, Y|+ JX,JY] - [JX,JY]|=0<
iIJX,Y]+1[X,JY] =iJ[ X, Y] —iJ[JX, JY].

Take two vector fiels X = 3", ¢;(X; —iJX;) € TM©Y and

Y =Y di(Y; —iJY;) € TM©®D for X;,Y; € Vect(M,R) and ¢;,d; € C.
That MV is involutive now follows from

|:Zi i(Xi —iJXq), )2, di (Y — UYj)} = Dy Gidy [Xi —iJ X, Y —iJY)] =
Dy Gidy [Xa, Y5 =il J X, Y] =X, JY] - [JXG, JY] =

>y Gidy [ X, V3] —ilJ[ X3, V5] + i J[J X5, JY] = [T X5, JY;] =

>y Gidy (I = i))[X3, Y] = (I = i) [JX;, JY] =

S, cidy (I — i) (X3, Y] = [ X, JY;]) € TMOD,

In the third identity equation the vanishing of the Nijenhuis tensor is used.
As a consequence we have shown that the space TM Y is a polarization
of (M, J,w)! We call this polarization a K&ahler polarization since it is
naturally constructed on a Kahler manifold. Similarly, one can check that
TMU0 is a Kihler polarization of (M, J,w).

Is there an easy way we can recognize whether a symplectic manifold is
a Kahler manifold, so that we can construct the Kahler polarization on it?
That there indeed is such a way can be seen by going to local coordinates. If
we introduce local coordinates z and Z on the patches of a Kahler manifold
(M, J,w), in first instance the Kéhler form (the symplectic form compatible
with the complex structure) can locally be written as

w = iw;;(z, 2)dz" A dz? +iwii(z, 2)dz" A dZ +

iwij(2, 2)dZ A d27 + iws; (2, 2)dzE A dF.

From the additional structure on a Kéahler manifold one can deduce that the
w;j-component and wz;-component of w vanish and more particularly, that w
takes the form

w = 2iw;;(z, 2)dz" A dz. (94)
The proof of this will not be provided in this thesis and we refer the reader
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to ([6]) for a much more detailed derivation. The fact that the Kéhler form
is closed has important consequences. Indeed,

dw =0 & 2id(w;;(z, 2)dz" A d,?j) = 0 &

23 20D gk Azt dz + 2822 g2F A i A dET = 0,

Both parts of the expression above must separately vanish. Denoting 9; =
and J; = this implies that

0
Ozt

—17

o Owwidz" Ndz' NdZ =0 & )
Opwizdz" N dz' N dZ7 + Qwyidz NdzF NdZ =0 &
Ohwi; — Oiwy; = 0,

® Jrw;; dZF NdZ AT =0 <

@gw -dzF A dz /\d29+&wlkdzj/\dz ANdZF =0 <
3;; (9wk—0

This implies that locally in a patch U, of the Kéahler manifold M there
exists a function Kj(z, %), called the Kéhler potential , such that w;; =
0;0;K4(2,Z). Hence the Kéhler form can locally be written as

w = 200,05 K,(2, 2)dz' A dF = 2i00K,, (95)

with @ = dz* Ay, and 0 = dz* A0, such that d = 04+0. As a consequence, two
natural symplectic potentials on a Kéhler manifold are 2i0K, and —2i0K,.
Indeed,

d(zaK (2,2)) = 22822 (55 Kalz, 2)d2" A dz7) +2i5% (35 Ko(z, 2)d2 A dZ) =
2i-2; (8ZJK (2,2)dz' NdZ7) = 2i2 LK, (z, z)dz /\ dzf =w

and

d(—i0K,(z,2)) = —22821 (35 Kalz, 2)dz" A dzj)—Qi% (35 Kalz,2)dz" A d2)
= =202 (5 Koz, 2)dz' Nd2T) = =202 55 K, (2,2)dz A d2d = w.
This concludes the subsection on polarizations.

6.8 The Hilbert space

Equipped with all the necessary mathematical tools, we are now ready to con-
struct the quantum phase space (Hilbert space). At this point it is important
to notice that the general theory about quantization is far from completely
understood at the moment. We restrict our attention to quantum phase
spaces which arise from symplectic manifolds equipped with a Kahler polar-
ization, because here the least difficulties arise. In this case, there are no
obstructions in constructing the Hilbert space and defining a natural mea-
sure on it. We will determine the quantum Hilbert space corresponding to a
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Kahler polarization and discuss the operators acting on it.

Let us denote the space of polarized sections of the prequantum line bundle
X over the Kéhler manifold (M, J,w) with respect to a Kéahler polarization
P by I'x(M; P). As previously, denote the prequantum Hilbert space by H.

Definition 6.8.1. The Hilbert space Hp is the space defined by
Hp = HNTx(M;P). In other words, it consists of all square-integrable
polarized sections of X.

Since a Kahler polarization just picks out a particular subspace of the pre-
quantum Hilbert space, the Hilbert space is well-defined, since the intersec-
tion H N I'x(M; P) is nonempty. The technical proof that Hp does indeed
define a Hilbert space (so in particular has a natural inner product defined
on it) will not be provided in this thesis. For a detailed proof we refer the
reader to ([7, p.136-137]).

The next question to ask is which classical observables define operators on
Hp. The requirement is that the prequantization assignment Q(f) for f €
C*°(M,R) maps polarized (square-integrable) sections to polarized (square
integrable) sections. Let f € C*(M,R), X € Vect(M,C;P) and s € Hp.
Then

Vx(Q(f)s) = Vx(=ihVx,s + fs) = —ihVgVx,s + fVgs + X(f)s =
—ihVx,Vxs — ih[V %, VXJ,]S + fVgs+ X(f)s=

—ihVx, Vs = 20(X, X;) —ihV g x5 + Vs + X(f)s =

— Z'hVXfVXS — Z'}_LV[X’Xf]S + fVX'S = Q(f)(VXS) — ihV[X’Xf]S.

In the fourth identity we used that the curvature 2-form w/h of V on M
satisfies w(X, Xy)/h = §([Vx, Vx,] = Vix x,)). In the fifth identity we used
that w is non-degenerate and vanishes on the polarization P and X(f) =0
on P. That X = 0 follows from the fact that the polarized sections satisfy
Vs = 0. Writing s = g1 for g € C*°(M,C) and f for the potential 1-form
corresponding to V this indeed implies that

X(¢)l —-if(X)s =0 X(9)l=0< X =0.

The first equivalence follows from the fact that under the regularity condi-
tions assumed in this subsection one can locally always find potential 1-forms
corresponding to V which vanish on P (which means 3(X) = 0). Such poten-
tial 1-forms are called locally adapted to P. As a consequence of the above
discussion we see that polarized sections are indeed mapped to polarized
sections by Q(f) provided that

[X;, X] € Vect(M, C; P) VX € Vect(M,C; P). (96)
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This condition (96) tells us that a classical observable f on M defines an
operator on Hp via the assignment Q(f) provided that its flow leaves the
polarization invariant. We denote the functions in C*°(M,R) whose flow
leaves the polarization invariant by C*°(M,R; P).

Now take the specific Kéhler polarization P = TM 1 as defined in subsub-
section 6.7.1, for a 2-dimensional Kahler manifold M. Locally, introducing
the complex coordinates z and z on M, it is spanned by the vector %. The
observables preserving this polarization are of the form

f(2,2) = fo+ fiz + fiZ + fozZ (97)

with fo, fo € R and f; € C. Indeed, using (A.1) we see that the Hamiltonian
vector field on M is given by
1 .of 0 _0f 0

1
M= 0:0: T2 bs0z 58)
Hence condition (96) gives
f € C®(M,R; P) & [X;, Z] € Vect(M,C; P) &
— %wﬁgé% — %wzz(,f;g;% € Vect(M,C; P) & % =0«
f(2,2) = 9(2) + h(2)z,
with ¢g(z) and h(Z) smooth complex valued functions only depending on Zz.
But since observables are real and hence satisty f(z,2) = f(z, Z), equation

(97) follows.

We will conclude this section by showing that for the harmonic oscillator,
a physically relevant and easy application, the quantization construction de-
scribed above already fails to give correct results. The required modification
which is needed to give the correct results is called metaplectic quantization.
We will not discuss metaplectic quantization in this thesis, but will show that
it gives the correct results for the harmonic oscillator. The Hamiltonian of
the harmonic oscillator in 1 dimension is given by
Lo o -

H(g,p) = 50" + ) = 22, (99)
where ¢, p are the position and momentum coordinate on the phase space of
the harmonic oscillator, which is 7*R?, and z = \%(p +1iq). Note that T*R?
is a 2-dimensional Kéhler manifold, with complex structure defined by
H@) = J(5) =5
and symplectic form w = idz A dz. Hence H(q,p) is an observable which
preserves the polarization P = TM 1V since it is a specific case of (97). In
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terms of z and Z the symplectic form w equals
w=dpAdg=3(dz+dz) A (dz — dz) = L(dz N dz) — £(dz A d=).

Hence the Hamiltonian vector field associated with the observable H equals,

using (A.1),
OH 0 OH 0 __ 0 o
Xy =155, — 15,95 = 129, — 125

Furthermore, the polarized sections with respect to P = TM Y are holo-
morphic scalar functions (scalar functions depending on the z coordinate
only). Indeed, the connection along directions in P takes the form of an
‘ordinary’ directional derivative, since the potential 1-form S corresponding
to V vanishes on P. This implies, for s € I'x(M; P), X € Vect(M,C; P)
and 1 the scalar function associated with s, that

Vis=0& Li(z,2) =0 (z,2) = ().

As a consequence, the assignment QQ(H) acting on holomorphic functions,
equals,

QUHYY(2) = —ih(Vx,, — iB(Xp))o(2) + Hip(z) =

~ ihX (=) — ih(—iB(Xn)) + Hi(2) =

R (z) — ih(—i) (i22) %zzai —iz2) Y(2) + 22(z) =

hz ~(2) — 22 + 22 = he g2 (2).

Hence the quantized Hamﬂtoman corresponds with the operator hz . The
eigenfunctions of this operator are the monomials 2" (n > 0) with elgenval—
ues nh. Indeed,

he 2" = hanz""' = nh2".

But as the reader might know from introductory quantum mechanics this
spectrum of the Hamiltonian is incorrect and should be shifted by the ground
state energy 1h The problem arises from the fact that viewed as an operator
the Hamiltonian H = 27 is not Hermitian, whereas the symmetrized Hamil-
tonian H = (zz + z2) is. This symmetrization process can be incorporated
by a quantlzatlon procedure called metaplectic quantization.

A general rule of thumb for including the metaplectic correction (in this
case the term %h) to the operator corresponding to a polarization preserving
observable is the following (see [24]). Let the polarization P be spanned by
the n complex vector fields X on a Kéhler manifold M, k € {1,....n}. If f
preserves the polarization P, there is a matrix a(f) = (ax/(f)) of functions
on M satisfying

(X7, Xi] = ai(£) X, (100)

as follows from (96). In terms of this matrix, the corrected quantum operator
is (see for example [9]),

Q) = Q) — 5ih tr(a(f)). (101)
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Furthermore,
[Xus 32 = =i (522) 5z +1(522) % = ige-
It follows that the matrix a(f) in this case equals

a(f) = (8 O)

Hence tr(a(f)) = . Thus the corrected quantum operator becomes

Q(H) = hzLZ — Lin(i) = h (22 +1).

The eigenfunctions of this operators are again the monomials 2" (n > 0)
with the correct eigenvalues (n 4 3)k. Indeed,

h(zZz"+12") = ((n+ 2)h)2".
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7 The orbit method and the representations
of SU(2)

-It is the harmony of the diverse parts, their symmetry, their happy balance;
i a word it 1s all that introduces order, all that gives unity, that permits us
to see clearly and to comprehend at once both the ensemble and the details.-
Henri Poincare about symmetry ([25])

The goal of the orbit method is to establish a correspondence between ir-
reducible unitary reprensentations of a Lie group and its coadjoint orbits. It
thus provides a general framework for finding all irreducible unitary represen-
tations of a Lie group by finding its coadjoint orbits. Representation theory
remains the method of choice for symplifying the physical analysis of systems
possesing (a high degree of) symmetry and its appearance is ubiquitous in,
for example, high energy physics.

In this section the representation theory of SU(2) will be treated by means
of the orbit method. The method of investigation is less formal then the
one used in sections 4, 5 and 6. In order to determine the irreducible rep-
resentations of SU(2) by means of the orbit method we proceed as follows.
We construct the quantum phase space on the coadjoint orbits of SU(2) de-
termined in section 4 (the spheres) which satisfy the integrality condition.
To this end, we first have to check what the integrality means in the case
of a sphere. Subsequently, we quantize the observables on these spheres by
geometric quantization, as described in section 6. Since SU(2) is a compact
manifold, its representations were already well-known to mathematicians long
before the orbit method was invented. In order to finally understand the rep-
resentation theory of SU(2) by means of the orbit method, it is worthwile to
first determine the representations of SU(2) by the old-fashioned method.

7.1 The integrality condition for the coadjoint orbits
of SU(2)

Denote by S? the sphere of some arbitrary radius R € R and by w the
symplectic form defined on it. In order to understand what the integrality
condition means in the case of a sphere of radius R we proceed by proving
that the statements beneath are equivalent.

(I1) There exists an open cover U = {U,} of 5% such that the class defined
by w in H?(U,R) contains a cocycle a in which all the a;;;, are integral
multiples of 27.
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(Iy) The integral of w over S? is an integral multiple of 2.

Theorem 7.1.1. The formulations (I;) and (/3) of the Integrality Condition
for S? are equivalent.

Proof. We proceed by showing the implications (<) and (=) seperately.

o (I1) < (Iy): suppose that [, w € 27Z is given. Now consider the
pyramid cover U = {U;} i € 1,2,3,4 of the sphere depicted in figure 4
below.

Figure 4: The pyramid cover of the sphere. The sphere is covered by the four patches
Uy (blue), Uy (violet), Us (green) and Uy (red) as indicated in the figure. Considering the
intersections Uyag, Ui24, U134 and Uszy and picking a point in the center of each of them,
drawing all the geodesics between these points gives the edges of a regular tetrahedron.

In subsection 6.5 it is already proved that the existence of the closed
real 2-form w on a symplectic manifold M (so in particular a closed
real 2-form on the sphere) gives the existence of real 1-form ; on U;
such that w = df; on Uj, the existence of anti-symmetric smooth real
functions f;; = —f;; on U;; such that df;; = 3; — B; on U;; and the
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existence of locally constant smooth real functions a;;; = fij + fir + fui
on Ujj,. When considering the pyramid cover of the sphere this gives
the globally constant functions (since the U, are connected)

aio3 = fi2 + foz + fa1 on U

ai24 = fr2 + foa + far on Upay

ai134 = fi3+ faa + fa1 on Uy

a934 = foz + faa + f4g on Ussy.

We can define new f;; from the old f;; by

Jim = f12 — @124 on Uy

Ji13 = fi13 — a134 on Uiz

J23 = faz — agss on Uy

and leaving the other f;; unchanged, since da;j; = 0 and so w remains
the same. In terms of the new fz] the new a;;, = f” + fjk + f;m become
A124 = f12 + f24 + f41 = fio —aioa + foa + fu1 =

fiz = (fro+ foa + far) + foa + 1 =0

a13¢ = fis+ faa+ fan = fis —awza + faa + fu =

fizs— (fis+ faa+ fa1) + foa+ fun =0

Ag3a = foz + faa + fao = foz —ao3a + faa + fao =

Jos — (foz + faa + faz) + faa + fio =0

aiaz # 0.

Hence ai94, G134, G234 € 27Z. 1f we can prove that f52 W = —ay93 it fol-
lows that a3 € 277 and consequently, using the results of subsection
6.5, we have found an open cover U of S? such that the class defined
by w in H*(U,R) contains a cocycle @ in which all the a;;;, are integral
multiples of 27. Indeed, for a consistent choice of orientations on the
boundaries of the U;,

Jow= fU1w+fU2w+fU3w+fU4w:

fUl dBi + fU2 dfs + fUS dfBs + fU4 dfy =

faUl P+ faU2 P2 + faUg Ps + faU4 fa =
_fU1251+fU13/61_fU14ﬁl+fU21/62_fU2352+fU2462_

Jo B3+ Ju, B = Sy, B3+ Sy, Ba =y, Bat Jy, Ba =

Jora (=Bt 4 B2) + [y (B = Bs) + [y, (=P1 + Ba) +

fU23 B2+ 33) +fU24 Ba — B4) +fU34 —Bs+ B1) =

fUlz dfor +fU dfis +fU dfn +fU dfa +fU df24+fU34 dfis =

faU12 for + faU13 fiz + faU14 fo + f8U23 fao + f8U24 foa + faU34 Jaz =
(f21(ul23) f21(u124)) (flS(u123) f13(U134)) (f41(U124) f41(u134))+
(f32(u123) f32(U234)) (f24(u124) f24(U234)) (f43(u134) f43(U234))
—Q123(U123) +124 (U124)+A134 (U134) +A234 (U234) = —123(U123) = —G123(+).
In the second identity we used Stokes’ theorem. In the third iden-
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tity we used that OU; = Ujs U Uz U Uyy, et cetera. In the sixth
identity again Stokes’ theorem is used. In the seventh identity the
U123, U124, U234, U134 denote points in U123, U124, U234, U134 respectively
and is used that 0Viy = Visz U Via4, et cetera. In the last identity is
used that aq93 is constant.

e (I;) = (Iy): this implication is now easy to prove. Suppose we are
given the pyramid cover considered above such that the class defined
by w in H?(U,R) contains a cocycle @ in which all the ai;,s are integral
multiples of 27. Such a;;, always exist, since the intersections U;j;, are
all connected for the pyramid cover, from which it follows that the a;;;
are globally constant. We thus know that @93, @124, G134 and aj94 are
integral multiples of 27. It follows that
—@123(w123) + G124(U124) + Q134(U134) + G234(U234) sz w
and hence that fSQ w € 277, since G193, G124, A134 and ajo4 are integral
multiples of 27r. The implication follows.

O

As a consequence, for a Hermitian line bundle-with-connection over S? to
exist (the prequantum line bundle over S?) condition (/5) should be satisfied.
We already know from subsubsection 5.2.1 that w = Rsin(6)df A d¢. Hence
condition (_72) gives

Jeow = [, J;" Rsin(#)d0d¢ = 2w R [ sin(0)dd = 4wR € 217 < R € Z/2.
In other Words we can construct the prequantum line bundle for all spheres
of half-integer radius. We are now ready to construct the quantum phase
space on the spheres of half-integer radius. This shall be done in the next
subsection.

7.2 Constructing the Hilbert space on the
spheres of half-integer radius

Consider a sphere S? of half-integer radius k € Z/¥. We cover the sphere
by the two charts already introduced in subsubsection 5.2.1, i.e. the cover
U = {U+}. As explained in subsubsection 5.2.2 these charts are isomorphic
to C. We can write

=C H C/ ~ with ~ the equivalence relation defined by (1, z1) ~ (1, 29)
when 21 = 23, (2, 21) ~ (2, 22) when 21 = 2z and (1, 21) ~ (2, z) when 2, = -
and z; # 0. Here (1, 2) for z € C denotes an element in the first copy of C
in the definition for S? and (2, 2) for z € C denotes an element in the second
copy of C in the definition for S2. Indeed ~ defines an equivalence relation,
since
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o (i,z) ~ (i,2): we have (i,2) ~ (i,2) & z = z for both i =1 and i = 2,
which is indeed true.

o (i,2z1) ~ (J,22) = (J,22) ~ (i,21): we will prove this relation for the
case i = 1, j = 2. Suppose (1,21) ~ (2, 22), which means z, = % and
21 # 0. Then 2z, = % and z # 0. Hence (2, 29) ~ (1, 21).

o (i,21) ~ (4,22), (4, 22) ~ (k,23) = (i,21) ~ (k,z3): we will prove this
relation for the case i = 1, j = 2, k = 1. Suppose (1,21) ~ (2, 29)
and (2, z2) ~ (1, 2z3). Then, by definition, z, = i, 21 #0, 23 = i and
29 # 0. Hence 23 = ﬁ = z;. It follows that (1,21) ~ (1, 23).

21

On the overlap of the first copy of C and the second copy of C in the def-
inition for S? points are indeed identified by ~ if one views the first copy
of C (minus the point (1,0), but the equivalence relation does act trivially
on this point anyway) as the image under the map o : C/{0} — C z > z
and the second copy of C (minus the point (2,0)) as the image under the
map (3 : C/{0} — C z — 1. The fact that one can let the north pole of 5
correspond to the point (1,0) and the southpole to the point (2,0) follows
from the fact that (1,€) ~ (2,€) when € = £ for € # 0 infinitesimally small.

In subsection 6.5 we have seen that on a symplectic manifold M (with cover
U = {U;}) one can construct a prequantum line bundle X whose total space is

H U; x C/ ~ with ~ the equivalence relation defined by: (j,m, z) ~ (k,m, 2)

whenever (j,m,z) € I x U; x C, (k,m,2) € I x U, x C and m = m and
Z = c;(m)z. In case M = S? with cover U = {U.}, the total space becomes

X:HUi x C/ ~= (U3 x C) JJ(U1 x ©)/ ~= (C x C) [J(C x C)/ ~ with

~ the equivalence relation defined by (1,m, z) ~ (1,m, Z) when m = m and
z =2 (2,m,z) ~ (2,m,2) when m = m and z = Z, (I,m,z) ~ (2,m,2)
when m = % and m # 0 and z = zikz Here is used that the transition
functions on S? of radius k € Z with cover U satisfy ¢;;(m) = 1, coo(m) = 1
and ¢i2(m) = .
At any point m € S? the tangent space of S? equals the plane R? = C.
It follows that TU, = U; x C = C x C and similarly T7U_ = C x C. Conse-
quently, (TU, )¢ = H T,,Uy & CxC? and (TU_)® =2 Cx C?. Together the
meU4

(TU,)C and (TU)® determine (T'S?)€. A point in (TU,)C can be denoted
by (z,aa% —i—b%) for z € C, (xz,y) €e R? = C and a,b € C.
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As a next step we show that S? is a Kihler manifold. We know from sub-
section 5.2.2 that the symplectic form w on S? equals

w = ﬁ (1 + %)_2 dz A dzZ. We claim that w can be written as w = 200K
for K = Rlog(1 + zz/ 4R2) which shows that S? is a Kihler manifold. Here
d=dz A2 and 0 =dz A L. Indeed,

K = ggK Adz = 82(Rlog(1 + 22/AR)) N dZ = il N dZ.
Subsequently,

2i00K = 02280 N dZ = i(dz N L) (”Z/_—QR/\cﬁ) =

1+2z/4R? 1+22/4AR?
. 1/2R Zz/AR i —2 _
! <1+z/2/4R2 ~ ety ) dzndz = g5 (1+ 57) dz N dz,

which proves the claim.

Now consider the specific Kihler polarization P = (T'5%)®1. Locally, tak-
ing 2 = x4+ 1y and Z = x — 1y as complex coordinates on the patches
of 2% it is spanned by the vector 2. Hence a point in (TU, )Y can be
denoted by (2, a5z ) for a € C. Furthermore, on the patch U,, the polar-
ized sections Wlth respect to P are holomorphic complex-valued scalar func-
tions, as already shown in subsection 6.8. In other words, scalar functions
f which satisfy 2 e f = 0. Since the f are holomorphic they can be written
as f(z) = Y iy a;z" with a; € C. From (68) it follows that a section on
U, evaluated in a point m € Uy can be written as (m, f(m)) with ¢ the
diffeomorphism ¢ : pr='(C) — C x C. Since ¥(m, f(m)) € pr '(C) 2 C x C
we might as well denote the points ¥(m, f(m)) by (m, f(m). Using that

=C H C/ ~ it follows that on the intersections U, _ of a sphere of radius

k € Z/2 with cover U we have for z € C,

G f ) ~ (L) = (LT 0 ~ (2,24 S0z )

Since 2* Z;’io a;z; should be a holomorphic function, this can only be the
case if k —i > 0. Hence k > i. Hence f is a polynomial of degree < k on S?
with radius k € Z/2. Notice that the space of polynomials of degree < k on
S? (with radius k& € Z/2) is indeed an irreducible subspace of the space of
all smooth complex-valued scalar functions on S? (with radius k € Z/2. As
a consequence, the Hilbert space on S? is the space of all square-integrable
polynomials of degree < k on S? (with radius k € Z/2).

7.3 Quantizing observables on the spheres of half-integer
radius

In this subsection we present an explicit description of the quantization as-
signment in case the symplectic manifold is a sphere of half-integer radius.

114



We will describe this quantization assignment both in spherical and stereo-
graphic coordinates.

7.3.1 Quantizing observables on the spheres of integer radius in
the spherical coordinate system

From subsubsection 5.2.1 we know that in spherical coordinates the symplec-
tic form on a patch of S? with covering U = {U.} equals

w = Rsin(#)df A dp. Hence on spheres S? of half—integer radius R € Z/2
the curvature 2-form locally equals Q@ = £ = Zgin(6)df A d¢. Hence on a
patch U; of such a sphere of radius R € Z/2 a potentlal 1-form is given by
B=-E1 Cos( )d¢. Indeed,

df = —d(Fcos(f)de) = —Z(fcos(6))dd A dp — 5 (5 cos(8))dd A do =
— 28 cos(e))de Adp = Esin(0)do A do.

Since the spheres S? of half-integer radius R € Z/2 are Kihler manifolds,
they admit the natural Kihler polarization P = (7'S?)®Y. From subsection
6.8 it follows that the only quantizable observables are the ones preserving
the polarizations. Let f € C*(S?,R; P). The corresponding Hamiltonian
vector field in spherical coordinates equals, using (A.1),

— 1 kidf 0 _ 1, 060f 0 1¢06f8_ 1 9f 0 _ 0f 0
Xf =W 5ur 508 = 3% G696 T 9600 — RZsm(0) (ao 96 a¢ae>
2
- (R Cf’s(e)) 9 — —cot(0) 55 9L,

RZsin(9) | 96
Now let s € I'x(S?) and write s = gl for g € C>(5?,C). Then,
Vx5 =Vx, (91) = X;(9)1 4+ ¢Vx, (1) = {f.g}1 —igB(X;)1 =
0fdg _ 9f0g\ 7 o af 4
RZS}n(Q) (a—ga—g - 8—;(9—5) 1+ zcot(Q)a—ggl.
In the third identity (49) and (67) are used. Finally, the quantization assign-
ment Q(f) in spherical coordinates becomes, using (87),

L 1 dfdg  Ofdg\ of
o0 = =n{ g (G ~ poan,) o0 (7))

+f for f € C®(S*R;P). (102)

Hence
B(Xf) = — ( COS( )d¢> RQSIH {%% — %

gl

7.3.2 Quantizing observables on the spheres of half-integer radius
in the stereographic coordinate system

Notice that in spherical coordinates the symplectic form w has a singular
point on both the patches U, and U_, namely the point # = 7 in the first
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case and the point # = 0 in the second case. One can get around this prob-
lem in case the stereographic coordinates are used as local coordinates on
the sphere. We know from subsubsection 5. 2 2 that in projective coordinates
the symplectic form on {U_} equals w = (1 -+ 4R2) 2dz A dz. Viewing
the south pole of the sphere as the point at 00, this symplectic form only
has a singular point at oo. One can get rid of this singularity by applying
the change of coordinates z = * for w € C. As a consequence, when z — o0
then w — 0. Applying this change of coordinates one gets, taking 2R = 1
for notatlonal convenlence

w—(H' mpdz A dz = n 1/ 2d( YAd(S) =

Jwl* ~
mmd&) A dio = mdz A dw.

In this new coordinates w has no singular point on {U_} anymore. Notice
that on {U, } the symplectic form w does have a singular point at co, but this
can be get rid of by applying the same change of coordinates again. Then w

gets back the original form in which it has no singular points on {U, }.

Let us now calculate the quantization assignment in stereographic coordi-
nates. We choose to do this on the chart U_ (the calculation on the chart
U, is similar). On a sphere of half—integer radius R € Z/2 it locally holds

for the curvature 2-form that €2 = %’ = 4hR2 (1 + 4R2) - dzNdz. On U_ we

can choose the corresponding 1-form to be § = _h’ 1(-Z+/z 2;2‘;22. Indeed,

_ —id Z/2R i0 zZ/2R 5 —
df = 3 57 <1+z§/4R2> dz \dz — 55 <1+z§/4R2> dz N dz =

—i 0 Z/2R _ i 1/2R 2Z/4R? -
75 <1+22/4R2> dz Ndz = <1+zz/4R2 " (1+2z/4R?%)? > dz Ndz =

R (1 + 4R2) dz N dz.

Let f € C*(S?,R; P). The corresponding Hamiltonian vector fields in pro-
jective coordinates are equal too, again using (A1),

af & of o _ of 0 9f 0
Xp=1tw?22 4 1090 = R(1+ i) (L2 -9 2).

Consequently,
80)) = (FE255 ) (0) (1+ 5)° (B — 44 =
(F L) (R) (1+ £5)° % = 52 (1 +22/4R) §
Moreover,
Vs = R(1+ )" (5 - 55 1 5 (1+ 22/4R)

0z 0z
Finally, the quantization assingment in stereographic coordlnates becomes

—_
<

&
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o 2EN2(Of O Of O z ) of

+f for f € C®(S*R;P). (103)

7.4 The irreducible unitary representations of SU(2)

In this subsection we first determine the irreducible unitary reprensentations
of SU(2) by means of the so-called infinitesimal method, as described
in ([26]). After this, we conclude by giving a heuristic argument how to
determine the irreducible unitary representations of SU(2) by means of the
orbit method.

7.4.1 Finding the irreducible representations of SU(2) by means
of the infinitesimal method

To recall,

SU(2) = {x € Mat(2,C)|z'z = I, det(z) = 1}.
and

su(2) = {X € Mat(2,C)|X = —XT, trX = 0}.

Now look at the complexification of su(2), that is su(2)®@C. Since in su(2)®C
the scalar multiplication is extended to the complex numbers, let us look at
what this implies for a particular matrix A € su(2). We have, for z = z+iy €
C, z,y € R, that

(zA) = ((z +iy)A)T = 2AT — iyAT = —x A + iy A.

Hence for a purely imaginary scalar multiplication this implies

(1A = iA.

So if we define B = iA € su(2) ® C it follows that su(2) ® C is the extension
of su(2) with Hermitian matrices. Since every matrix C' € Mat(2, C) can be
written as the sum of a Hermitian and anti-Hermitian matrix via
C=3(C+ChH+i(C-CT)

with (L(C + )" = Lc +ch

(3(C—ch)' = -,

it follows that su(2) ® C = sl(2, C) with

sl(2) = {C € Mat(2,C)|tr(C) = 0}, (104)
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the Lie algebra of general 2 by 2 complex valued traceless matrices. Since
this Lie algebra has complex dimension 3 it spanned by the set of matrices:

=53 v=(00) = %)

By ordinary matrix multiplication it can be checked that
(X,Y]|=FE, [X,E]=-2X, [Y,E]=2Y. (105)

The Lie group SU(2) acts on C? by ordinary matrix multiplication. The
associated representation m on the space P(C) of polynomial functions p :
C — C is given by the formula

7(g)p(z) =plg~*2) g€ SU(2),z € C. (106)

Indeed 7 defines a representation, since 7(g) is clearly a linear endomorphism
and, for g;, g2 € SU(2), we have

m(9192)p(2) = p((9192)"'2) = p(g5 91" 2) = 7(g1)p(gz ' 2) = 7(g1)7(92)p(2)-
The subspace P, = P,(C?) of homogeneous polynomials of degree n is an
invariant subspace for w. The restriction of © to P,, denoted by =,, is an
irreducible representation of SU(2). We denote the associated representation
of su(2) in P,(C?) by m,.. Then the representation of s[(2,C) in B,(C?)
equals (m,,)C, the complexification of 7,,. The basis of P,(C?) is given by

pi(z) = 247, (2 € C € {0,1,..m}). (107)

Let p € P,(C?), £ € su(2) and t € R. Then, using (106) it follows that,

(e (O)P)(2) = Giplexp™2)] .

and hence by the chain rule,

[T (©))(2) = FE(2)(=€2)1 + 55 (2)(—€2)s..

The expression on the right-hand side is complex linear in &£, meaning that
T (i€) = im,(§). This implies that the map m,. : su(2) — P,(C?) can be
extended to its complexification 7¢,. Hence for £ € 5[(2,C) and p € P,(C?),

() (E)p = — (52’)16%] + (£Z)28%2} p. (108)

Now consider the base elements X, Y and E of sl(2,C). Substituting them
for £ in (108) gives

0 0 0 0
Xp= —223—21197 Yp= _218_22]?7 Ep = [—Zla—zl + 223—2,2] p. (109)
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It follows that the base elements X, Y and E can be associated with the

operators
0 0 0 0

X=—2—, Y=—21—, E=—2— —_—. 110

2 071 = 029 = 0z T2 029 (110)

One can indeed check that these operators satisfy the relations (105) and

hence form a Lie algebra representation of su(2) ® C 2 sl(2,C) in P,(C?).

The idea of the infinitesimal method is to reduce the consideration of Lie

groups to consideration of the associated (complexified) Lie algebras. From

the fact that the operators in (105) form a Lie algebra representation of

su(2) ® C it indeed follows that every irreducible continuous representation

of SU(2) is equivalent to m, for some n € N. For the full rigourous proof see
for example ([3]) or (]26]).

To conclude this subsection, let us consider a specific case of m,. From
the discussion above one already concludes that ¥n € N there is a unique
representation of dimension n + 1 (there are n + 1 polynomials p;(z) for
j € {0,1,....,n}). Take n = 3. Then the representation is of the form de-
picted in figure 5.

/\/\/\/\

I

Figure 5: Schematic view of the representation w3 of SU(2) in P3(C?). The points
represent the 4 basis elements of P3(C?). The arrows represent the action of the operators
X (green), Y (violet) and F (red) on the basis elements. The numbers above the green
(violet) arrows denote the coefficients in front of the basis elements on the right (left) of
the arrow when the corresponding operator has acted on the basis element on the left
(right) of the arrow. The numbers above the red arrows denote the coefficients in front of
the basis elements when the corresponding operator has acted on them.

Here 23, 222, 2125 and 25 denote the basis elements of P3(C?). The arrows
represent the action of the operators X, Y and E on the basis elements.
The numbers above the arrows denote the coefficients in front of the basis
elements after the action has taken place. As a check, we apply the operator
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X to the basis elements of P3(C?). We indeed calculate,

—226‘21 (23) = —3232,,
— 29 6@ (2229) = —22122,
) 25’7

— 225,- (zlzg

— 22 8z1< ) =

7.4.2 Finding the irreducible representations of SU(2) by means
of the orbit method

Consider the coadjoint orbits of SU(2) satisfying the Integrality Condition,
i.e. the spheres of half-integer radius. As we have derived in subsubsection
5.2.2, the stereographic coordinates z and z on U_ are given in terms of the
coordinates 6 and ¢ by

z = 2R cot(0/2)e*,
Z = 2R cot(0/2)e
0<¢p<2m, 0<0<m.

Now consider the rescaled coordinates,

z o z
2 =5p = = cot(6/2)e m=5p = = cot(0/2)e” (111)
which span the complex plane C too. In terms of z_ and Z_ a parametrization

of U_ is given by

_ R(z—_+z20)
T = 1+z_|2
_ —iR(z_—2z2)
Tg = 1+z_2 >
_ Rz P-1)
T3 = ENEEEEE

where {xy, 1o, 13} are the standard coordinates in R?. Indeed, using (111),

T, = R(z_+z2) Rcot (0/2)(e**+e7*®) _ p2cot(6/2)cos(d) RSIH(@) COS(¢),

14+]z—|? 14-cot?(6/2) - 14-cot?(6/2)
_ —iR(z_—2zT) __ cot(0/2)(e?®—e—1®) 2 cot(6/2) sin( . .
2= "1 T —iR T+cot2(0/2) —iR 1+cot2(9/2 = Rsin(f) sin(¢),
_ R(]2—]>—1) __ R(cot?(9/2)-1)
T3 = 0T T T1teot2(0/2) = Rcos(0),

which is the parametrization of U_ in spherical coordinates (see subsub-
section 5.2.1). Instead of taking x, x5 and x3 as the coordinates spanning
U_ = C, one can also consider the linear combinatinions x_ = 7 — ixg,
Ty = x1 + 129 and x3 as the coordinates spanning U_ = C. In terms of z_
and z_ these equal,
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o . [ R(z—+z2) . [ —iR(z_—22) 2Rz_
Ty =121+ = ( 1+z_ 2 ) 1 ( T+Hz_ 2 T2
, R(z_+7=  —iR(r_ 7 2RZ—
x_:xl—@x2:( 1(+|z_\2)>_l( ( )>:
R(|z—2-1)
1+]z—]2 -

T3 =

The quantization assignment (103) can be rewritten in terms of z_ and z—,

giving,

) = —in{ g+ 1mPP (g - o) - S+ pl)

+f for f € C®(S*R;P). (112)

Applying the assignment (112) to x4, z_ and z3 gives the operators

Note that here is used that Q(f) acts on holomorphic sections, hence the
%—terms can be dropped in the calculation. The determined operators

Q(ry), Q(x_), Q(x3) satisfy the same characteristic equations
[r1,ra] = 2rs, [r1, 3] = =219, [ra, 73] = 2, (113)

as the Lie algebra generators rq, 79,73 of su(2) (see subsubsection 4.2.2) .
Indeed, for s € Hp,

[Q(z4), ( s = [(z,)Qi—sz,,_a%}s:

( 50— — 2Rz ) +2 ((zﬁ% _sz_> s =
_827 +2Rzaai +22_8‘Z—‘i + 23% — 2Rs — 2RZ—3875, =

2 (252 = R) s = 2Q(w5)s & [Qle1), Q)] = 2Q(ws).

Similarly, one can check that [Q(z4), Q(z3)] = —2Q(z_) and

[Q(z-),Q(x3)] = 2Q(x4). In subsection 7.2 we showed that for spheres of
radius k € % the Hilbert space consists of polynomials in z € C of degree
< k, denoted by P(C). The homogeneous polynomials in z € C of degree
n < k, denoted by P, (C), form an invariant subspace of P(C). Consequently,
Q(z1),Q(x_) and Q(z3) form a representation of su(2) in P,(C) for n < R.
Finally, lifting the information from the Lie algebra to the Lie group (see
[26]), this gives all the irreducible unitary representations of SU(2).
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We end this section by giving an alternative method to determine that the
Hilbert space for spheres of half-integer radius k € % consists of polynomials
of degree < k compared the method described in subsection 7.2.

On U_ it holds that

(21 + ixg)
= 114
R, (114)
Indeed,
T1+iTe R(z—+z2) . [ —iR(z_—2z") R(jz—]2-1)\ _
e = (M) +i (FH)) /(- ) =
2R 2R _
<1+|z_\2> / <1+\z_\2> =<
Similarly, on U, it holds that
(Sl','l — ZIQ)
=" 115
“ R+ x3 ( )

On the overlap of the patches Uy we have z_z, = 1, which follows from

tz, = ((zl+iw2)> ((zlfix2)> _ 243 _ 243 -1

R—z3 R+zx3 R?2—z3 z3+x3

As the patches U, are topologically trivial, any line bundle is trivial when
restricted to one of these patches. Thus, all we have to do is to give a pre-
scription for gluing these trivial bundles together over, say, the equator. If
one does this with the transition function (2_)~* = (z,)* one obtains the
line bundle L, over a sphere of radius k € %. To determine the global
holomorphic sections of L; in the trivialization U,., we have to check which
local holomorphic functions on Uy can be patched together via the transi-
tion functions. Since holomorphic functions f(z) can be written as a series
f(z) = Y2, aiz" with a; € C, it follows that a basis for holomorphic func-
tions on U, is given by the monomials (z,)! and on U_ by (2_)™ for | and
m non-negative integers. We thus have to find the solution to the equation

(20) = () ()™ & (24)' = (2)F ()™ (116)

where we used z;z_ = 1. This equation has non-negative integer solutions
for | < k and m < k, implying that the Hilbert space consists of polynomials
of degree < k.
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8 Conclusions and outlook

-Life 1s infinitely stranger than anything which the mind of man could invent.
We would not dare to conceive the things which are really merely common-
places of existence.-

Sir Arthur Conan Doyle (]28])

In the first subsection of this section we will try to gain insight in the overall
structure of this thesis and recall the important results derived previously.
Finally, in the last subsection, we will consider were future research efforts
should be directed.

8.1 Concluding remarks

This thesis consisted of three main parts, being

(1) Coadjoint orbits

(2) Geometric Quantization

(3) The irreducible unitary representations of SU(2).

The parts (1) and (2) are the basic ingredients used in the Orbit Method, the
method to determine all irreducible unitary representations of a Lie group.
Part (3) is an application of the Orbit Method to the particular Lie group
SU(2).

(1):

In part (1) we introduced the notion of coadjoint orbit, the most important
new mathematical object that has been brought into consideration in connec-
tion with the Orbit Method. As an application, we showed in two alternative
ways that the coadjoint orbits of SU(2) are spheres. Subsequently, we proved
the beautiful non-trivial theorem that the coadjoint orbits of a matrix group
posses symplectic structure (and mentioned that this result is still valid for
general Lie groups). In particular, it followed that the coadjoint orbits of
a matrix group are always even-dimensional. Then we derived the explicit
shape of the Kirillov 2-form for the coadjoint orbits of SU(2) (the spheres)
in both spherical and stereographic coordinates. The symplectic structure
of the coadjoint orbits provided an important link between coadjoint orbits
and geometric quantization, since quantization was as assignment applied to
smooth real functions on symplectic manifolds (classical observables).
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(2):

This brought us to part (2) of the thesis. Here we showed that Geometric
Quantization, formulating a relationship between classical- and quantum me-
chanics in a geometric language, is a rigorous quantization scheme applicable
to general curved manifolds. In particular, it is showed that the Hilbert space
over a curved manifold (M,w) does not consist of square integrable scalar
functions on (M,w), but instead of polarized, square integrable sections of
a Hermitian line bundle-with-connection over (M, w) with curvature 2 = %.
Important roles in the construction of the Hilbert space are played by the
Integrality Condition and the notion of Polarization. We proved the Integral-
ity Condition to be both a sufficient and necessary condition for a Hermitian
line bundle-with-connection over (M, w) with curvature 2 = ¢ to exist. As
an important specific type of polarization (a way of reducing the ‘too big’
prequantum Hilbert space) we considered the Kéhler polarization, naturally
defined on kahler manifolds. Finally, as an important explicit realization of
geometric quantization, we showed the assignment (87) acting on sections in
the Hilbert space Hp, to satisfy all axioms (Q1)-(Q5), imposed on a quanti-
zation assignment.

(3):

In the third and last part we applied our geometric quantization construc-
tion to the spheres, the coadjoint orbits of SU(2). We find that in that
case the integrality condition translates into the spheres being of half-integer
radius in order for smooth real functions defined on it to be quantizable.
Furthermore, we showed that the Hilbert space on these spheres of half-
integer radius consists of polynomials of degree n < k, for a sphere of radius
ke %. Subsequently, we determined the irreducible unitary representations
of SU(2) by the Infinitesimal Method. Finally, as an application of the Orbit
Method we brought coadjoint orbits and geometric quantization together by

determing all irreducible unitary representations of SU(2) by means of the
Orbit Method.

8.2 Outlook

Geometric Quantization is a quantization construction applicable to symplec-
tic manifolds. Looking at the classical phase space as a symplectic manifold
presupposes to take point particles as the fundamental building blocks of na-
ture. In field theory the fundamental building blocks of nature are considered
to be fields instead of point particles and therefore it is interesting to extend
Geometric Quantization to fields, a first step towards making Quantum Field
Theory mathematically rigorous. An introduction to such an approach can
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be found in, for example, ([7]). In string theory the fundamental build-
ing blocks of nature are one-dimensional extensions of point particles, being
strings. Finding a rigorous quantization scheme corresponding to such a the-
ory is another very interesting prospect.

As already indicated at the beginning of the previous section the representa-
tion theory of compact manifolds, such as SU(2), was already well-known to
mathematicians long before the Orbit Method was invented. In that sense,
SU(2) is not the most important application of the Orbit Method to consider.
It is indeed shown that the Orbit Method is applicable to non-compact Lie
groups as well, in case one utilizes less precise defined mathematics. At the
moment one makes the notions ‘mathematically precise’ again, the results
the theory predicts can be shown to be incorrect. As a consequence, a lot
of research can still be done on the Orbit Method applied to non-compact
Lie groups. Important examples of non-compact Lie groups to consider are
SL(2,R) and the famous Virasoro group (named after the physicist Miguel
Angel Virasoro), which has important applications in conformal field theory
and string theory. As a good start to investigate these applications of the
Orbit Method, the reader is referred to ([1]) and ([27]).
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A An identity at the heart of quantization

-Let us try to introduce a quantum Poisson Bracket which shall be the ana-

logue of the classical one.-
P.A.M. Dirac ([12, p.86])

Let (M,w) be a symplectic manifold. An essential identity in the quanti-
zation procedure is

(X5, Xy = X101, (41)

where f,g € C*°(M,R) and Xy, X, X(s4 are Hamiltonian vector fields
on M, that is, {(Xf)w = 2w(Xy,:) = —df, i(X)w = 2w(X,, ) = —dyg,
i(Xgpgp)w = 2w(X(sg),-) = —d{f,g}. This identity will be proved in this
appendix.

First of all, we will derive the form of the Hamiltonian vector fields in local
coordinates. Take Y to be a vectorfield on M. Because X; and Y are vector
fields, in local coordinates they can be written as: X; = {52, Y = 2.
Consequently, in order to find the form of X; in local coordinates we need
to determine the coefficients £°.

We have 2w(Xy, ) = —df & 2w(X;,Y) = —df(Y). Let us start with writing
out the left-hand side of the last equality:

. ) 0 0 o o oo
20(X;,Y) = 2wyt Ada? (s’f@) (nl@) = wy (€ —Ein) = 2wy

where the Einstein summation convention is used and the anti-symmetry of
the wedge product and w;; are used in deriving the second and last equality,
respectively. Writing out the right-hand side gives

of | o
—Y) = —gde (’7 8953)_ oz

So 2w(Xy,Y) = —df(Y) & (836] + 2ww§l) 773 = 0. Because the 1)/ are arbi-
trary we thus have % + 2wl =0 & (,M = —2w;;&" = 2w;&'. The fact
that w is a symplectic form gives that wj; is invertible, that is, w*iw;; = 6F.
It follows that 8f = 2w;;§" & w’” af = 2wMw;; & = 2¢%. Hence, in local
coordinates,

1, 0 1 i OF af o

Xr=3¢ ocF 2% 0ud ok (A1)
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The identity (41) relates the Lie algebras of Hamiltonina vector fields and
functions on M. We already proved that (C*°(M,R), {.,.}) has the structure
of a Lie algebra. We can use identities (41) and (A.1) to show that Hamilto-
nian vector fields together with the Lie bracket for vector fields also form a
Lie algebra. First of all, notice that the space of Hamiltonian vector fields is
a linear space, where smooth real-valued functions play the role of ‘scalars’.
Furthermore, the Lie bracket for vector fields satisfies:

e bilinearity: fora € R,h € C*(M,R), [aXi+X,, Xi] = [Xafrg, Xn] =
Xiaf+gnt = aXirny + Xqgny = a[ Xy, Xp] + [ Xy, X3]. Linearity in the
second ‘slot’ of the commutator bracket can be derived similarly.

o anti-symmetry: [ Xy, Xo] = X0 = X_qo5y = —X(o. 51 = —[ Xy, Xy].

e Jacobi identity: for h € C*(M,R), [Xy, [X,, Xa]] + [ Xy, [Xn, X7]]+
[Xn, [ X5, Xgl] = Xipqomyy + Xt + Xpniron =
X 4gh1 + g1+ 01101 = Xo = 0.

Moreover, regarding the map (Lie algebra homomorphism) f — Xy as an
assignment of differential operators to functions, the identity (41) is also an
illustration of the quantization paradigm (Dirac’s quantum condition),

Poisson Brackets — Commutators. (A.2)

To prove identity (41) we will write out both sides of this equality in local
coordinates and check that the corresponding expressions match. The left
hand side equals

(X1, X,y] = 200, f0;(wk'0,90)) — 1w'0;90; (WO fO;) =

Tw0; f0;(wMOrg)O) + 3w 0; fwMOrgD;0, — 1w 0;90; (WO f)O1—

%wij @-gw’“l(‘?kfajal.

By switching the indices ¢ and k in the second term of the last expression
(over both indices is summed) one easily sees that the second and fourth
term in this expression cancel. The remaining expression can be written out
further:

1w0; f0;(wMOkg) O — 1w D;g0; (WM Oy f) O, =
Tw0; fwh 0;0,90,— 1w ;9w 0; 0 f O+ 5w 0, f 0;wM D g0y — 1w " 0;9O;wWM O £ ).

Writing out the right-hand side of identity (41) gives, using the definition
of the Poisson bracket in local coordinates, that
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Xipgy = —3w70{f, 9}0; = 07 0,(wM Ok fO19)0; =
iw”@iwklakfﬁlgaj + iw”w’“’@iakfalgﬁj + }lw”wklﬁkfai@lgaj.

If we apply the index interchange j — [, [ — 7,7 — k, k — j the second term
of the last expression becomes $w*w’'0,,0; f9;90, = —3w"w" 9,0, f0;90,, and
if we apply the index interchange 7 — I, k — i, ¢ — k, | — 7 the third
term of the last expression becomes iwklwij 0x0;90;f0,. Hence we see that
the terms containing no derivatives of w* match on the left- and right-hand
side of identity (41). What is left to check to establish identity (41), is that

—wijaiw’“l(‘?kfalgaj + wij&f@jwklakgﬁl — w”&igﬁjwklakfé’l =0.

If we apply the index interchange ¢« — k, k — [, | — 7, 7 — r to the
second term of this expression, it becomes w*"9,w"dy, fO,g0;. 1f we apply the
index interchange i — [, | — j, 7 — r to the third term of this expression, it
becomes —w'",w* 9y, fO,g0;. As a whole, the last equality then implies

—WI Okt 4+ Wk 9,wWh — W WkI = 0.

Using the anti-symmetrie of w*", w' and w*/ this is equivalent to
WO,k + WwrkO,.W + Wo,WIk = 0. (A.3)

The identity (A.3) is known as the Jacobi identity for Poisson forms and it
will be proved in the remainder of this appendix.

Since (M,w) is a symplectic manifold, w is closed, that is dw = 0. In
local coordinates this can be rewritten as

(wijdx® A da?) = Opwijda® A dx' A dzd =0 &

(Opwijda® A dz' A da? + Ouwjrdz’ A dzd A da® + Ojwpida? A dxk A dz') = 0 &
(Opwijdat A\ da? A dx® + Ouwjrdr’ A dzd A da® + Ojwpida® A da? A dxF) = 0 &
hwij + Ojwjr + Ojwr; = 0.

Qywilrwi— Q

The last identity is known as the Jacobi identity for symplectic forms . We
will derive the Jacobi identity for symplectic forms from the Jacobi identity
for Poisson forms, using that w is a symplectic form, hence invertible. Let
us start by multiplying the Jacobi identity for Poisson forms by wg, using
wl® = 3%,

WR O™ 4 WEnOw™ + WML = 0 &
WM O™ + WawW* OLW'™ + WagwW*mOW™ = 0 <
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— W™ + wywWF O™ + wgwWF O™ = 0

Using differentiation by parts and the fact that the boundary terms,
O (wqw'™) = 0x0™, vanish, we get

— W™ — WO wgw!™ — W Owgw™ = 0

We can write the first term of this expression as w™ 94w w'™. This follows
from O, (W™ wyy) = 0 & W™ Wy + W™ sy = 0 & Few™" + W™ Dgwyw'™ =
0 & —0,w™ = W™ dswyw™. Multiplying the resulting expression by wym,
and wy, respectively, gives

mr n __ , kn lm __ , km nl __

W™ Qg W O w WM hwagw™ =0 &
Dswpw™ — W™ Owg, + Opwaw™ = 0 &

OsWpq + Oqwsp + Opwys = 0,

which is indeed the Jacobi identity for symplectic forms! Identity (41) is
proved.
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